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Safe  evacuation  of  building  occupants  in  an  emergency  situation 
has  been  a primary  concern  for  many  people.  To  view  the  evacuation 
process  as  a total  system,  we  employ  network  flow  modeling  approaches. 
Such  models  can  provide  a benchmark  solution  for  the  minimum  evacuation 
time  and  optimum  egress  patterns  and  help  identify  bottlenecks  impeding 
the  evacuation. 

A network  model  can  be  constructed  for  representing  the  evacuation 
of  a building  as  it  evolves  over  time,  where  time  is  represented 
discretely  by  consecutive  time  periods.  To  consider  the  congestion 
occurring  during  the  evacuation  directly  in  the  model,  we  introduce 
flow-dependent  arc  capacity  functions.  There  is  a substantial  evidence 
that  passageways,  when  modeled  as  arcs,  have  flow  capacities  which  are 
functions  of  flows  due  to  the  congestion.  The  basic  properties  of 
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capacity  functions  which  reflect  the  phenomenon  of  flow-dependence  are 
characterized  in  this  study. 

Eventually,  a building  evacuation  problem  for  minimizing  the 
evacuation  time  is  formulated  as  a minimum  cost  flow  problem  with  side 
constraints.  Here  constraints  due  to  flow  dependent  capacities 
constitute  the  side  constraints.  The  primary  objective  of  this  study  is 
to  develop  efficient  algorithms  for  obtaining  the  evacuation  egress 
minimizing  the  evacuation  time. 

The  formulated  network  model  has  a large  number  of  side 
constraints  in  general.  Hence,  it  cannot  be  easily  handled  by  existing 
algorithms  even  for  a reasonably  sized  building.  For  the  case  of  linear 
or  piecewise  linear  capacity  functions,  we  propose  a primal  partitioning 
simplex  method  by  exploiting  the  special  structure  of  the  basis  and 
maintaining  a flexible  partition  of  the  basis  in  an  effort  to  have  a 
small  working  basis.  The  preliminary  computational  results  are 
encouraging.  We  also  show  that  in  some  special  cases  there  are  very 
efficient  greedy  algorithms  for  obtaining  optimal  flow  for  the 
formulated  models. 
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CHAPTER  1 


INTRODUCTION 

Building  evacuation  is  the  movement  of  the  building  occupants  to 
some  designated  area,  normally  to  safety  outside  of  the  building,  in  an 
emergency  such  as  fire,  bomb  threat,  and  threat  of  earthquake.  Safe 
evacuation  of  people  in  such  cases  has  become  a primary  concern  for 
building  managers,  architects,  planners,  and  administrators,  as  well  as 
the  building  occupants  themselves.  Although  building  safety  codes  are 
enforced  for  individual  components  of  buildings,  such  as  stairways  or 
hallways,  they  may  not  be  sufficient  measures  for  securing  successful 
evacuation.  For  example,  individual  components  conform  to  the  building 
safety  codes,  but  on  the  whole,  they  might  not  be  coordinated  to  induce 
smooth  egress  during  the  evacuation.  A quantitative  modeling  approach 
helps  us  to  view  the  whole  building  as  a total  system  and  thus  provides 
an  objective  criterion  for  evaluating  effective  evacuation  plans. 

After  the  pioneering  work  of  Chalmet  and  Francis  [12]  and  Francis 
and  Saunders  [23],  network  flow  modeling  of  building  evacuation  problems 
has  recently  gained  considerable  attention  in  the  literature  [11,  32, 

34,  4l] . In  all  of  these  network  models  the  objective  is  to  minimize 
the  time  to  evacuate  a building,  or  to  maximize  the  total  number  of 
people  exiting  the  building  for  a given  time  horizon.  Such  models 
provide  a benchmark,  or  standard  of  comparison,  in  the  sense  that  they 
can  predict  the  minimum  evacuation  time  and  optimum  egress  patterns  if 
the  actual  building  evacuation  can  be  held  as  in  optimal  solution  of  the 
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model.  In  addition,  such  models  help  identify  bottlenecks,  those 
building  components  impeding  the  evacuation.  This  information  can  be 
used  in  redesign  of  the  buildings  to  reduce  the  building  evacuation 
time. 

The  primary  objectives  of  this  study  are  to  develop  some  network 
models  of  building  evacuation  problems  considering  the  congestion  factor 
during  the  evacuation  process  and  to  provide  algorithms  for  solving 
these  models . 


1 . 1 Problem  Statement 

Chalmet  and  Francis  [12]  and  Francis  and  Saunders  [23]  did  the 
pioneering  work  in  network  flow  modeling  of  building  evacuation 
problems.  Given  a building,  the  model  represents  work  places,  halls, 
stairwells  and  lobbies  by  nodes  and  the  connections  between  these 
components  of  the  building  by  arcs.  In  this  way,  the  architectural 
structure  of  the  building  is  represented  by  a network  G = (V,E),  where  V 
is  the  node  set  and  E is  the  arc  set  of  this  network.  The  network  G is 
called  the  static  network.  Given  a study  period  T,  we  suppose  time  is 
divided  into  p "discrete"  time  periods  of  equal  length  T/p.  With  each 
arc  e in  E,  there  is  an  associated  traversal  time  t(e);  i.e.,  the  time 
periods  it  takes  to  traverse  an  arc  e = (v,w)  from  its  beginning  node  v 
to  its  ending  node  w.  Here  t(e)  is  assumed  to  be  an  integer  multiple  of 
the  unit  time  period.  For  a node  v £ V,  d(v)  denotes  the  number  of 
people  residing  in  the  component  v just  before  the  evacuation  begins. 

Let  d(V)  denote  the  total  number  of  people  in  the  building  before  the 
evacuation;  i.e.,  d(V)  is  the  sum  of  all  d(v) . Each  node  v € V has  a 
holdover  capacity,  h(v1),  which  represents  the  limiting  capacity  of  the 
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component  v at  time  i,  i = 1,  ....  p.  Each  arc  e € E has  a movement 
capacity,  mCe1),  which  represents  the  maximum  number  of  people  who  can 
traverse  that  arc  per  time  period  at  time  i,  i = 1,  ...,p.  We  remark 
that  h(v1)  and  m(e1)  may  change  with  time  i. 

For  a given  time  horizon  p,  the  network  G = (V  ,E  ),  the  p-time- 
expanded  network,  is  obtained  from  G = (V,E)  as  follows: 

Vp  = { v1  | v € V,  i = 0,  1 p }, 

Ep  = { (v1^')  ] e = (v.w)  ( E,  j = i + t(e)  £ p,  i = 1 p } 

U { (v\v1+1)  i v e V,  i = 0,  1 p-1  }. 

The  network  Gp  is  also  called  a dynamic  network.  (This  method  of 

obtaining  Gp  from  G is  called  the  Ford  and  Fulkerson  expansion 

i th 

procedure  [19].)  Here  v is  the  i time  copy  of  the  node  v in  V.  The 

arcs  (v^w^)  in  E^  are  called  movement  arcs,  which  represent  the 

movement  of  people  from  one  component  of  the  building  to  another.  This 

movement  starts  at  time  i in  the  component  v and  terminates  in  the 

component  w at  time  j.  The  arcs  (vi,vi+1)  in  E are  called  holdover 

P 

arcs,  whose  contents  indicate  the  number  of  people  still  remaining  in 
the  building  component  v at  time  i.  As  stated  above,  associated  with 
each  holdover  arc  (vi , v^  + '*‘ ) we  have  a constant  capacity  h(v'i')  . 

Associated  with  each  movement  arc  (v1^)  we  have  a capacity  m((v,w)1). 
Without  loss  of  generality,  we  assume  that  Gp  is  augmented  with  a 
supersink  node  denoted  by  D such  that  we  connect  all  the  copies  of  every 
exit  node  with  D.  Here  an  exit  node  is  a node  in  G representing  a 
"safe"  component  or  area  to  which  evacuees  proceed. 

To  illustrate  the  terminology,  consider  the  following  example 
taken  from  Chalmet  and  Francis  [12].  Figure  1.1  shows  a very  simple 
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three  floor  building,  with  building  components  consisting  of  workplaces, 


halls,  stairwells  and  a lobby.  Passageways  joining  adjacent  components 
are  indicated  by  arrows,  which  lead  to  the  outside  of  the  building. 
Figure  1.2  represents  a static  network  model  of  the  building  shown  in 
Figure  1.1,  with  the  notation  W,  H,  SW,  and  L standing  for  workplace, 
hall,  stairwell,  and  lobby,  respectively.  There  are  20  people  in 
workplace  1,  and  16  people  in  each  of  workplaces  2 and  3.  so  that  a 
total  of  5 2 people  must  leave  the  building.  The  data  in  Figure  1.2 
indicate  that  it  takes  1 time  period  (e.g.,  10  seconds)  to  traverse  from 
a workplace  to  the  hall  on  either  floor  2 or  3*  1 time  period  to 
traverse  from  the  workplace  to  the  lobby  on  floor  1,  and  2 time  periods 
to  descend  one  floor  in  the  stairwell.  Building  components  and 
passageways  are  represented  by  nodes  and  arcs  respectively.  The  number 
in  parentheses  beside  a node  v € V represents  h(v1),  i = 1,  ...,  p.  The 
number  in  parentheses  beside  an  arc  e € E represents  m(e1) , i = 1,  ..., 
p.  (We  assume  in  this  example  that  h(vX)  and  m(e  ) are  constants 
independent  of  time  i . ) Figure  1 . 3 shows  the  dynamic  ne i work  G 

P 

obtained  by  expanding  the  static  network  G. 

Let  x(e)  denote  the  flow  on  arc  e in  E . Then  a minimum  cost 

P 

network  flow  model  for  minimizing  the  average  evacuation  time  given  by 
Francis  and  Saunders  [23]  is  as  follows: 
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Figure  1 . 1 Example  of  flow  pattern  in  a simple  building 
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Figure  1.2  Static  network  model  of  flow  pattern  in  Figure  1.1 

(W.:  Workplace.,  H.:  Hall.,  SW.  : Stairwell.,  L:  Lobby) 
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Figure  1.3  Dynamic  network  version  of  the  static  network  in  Figure  1.2 
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(1.1.1)  minimize  . £ x(v1,D)*  i 

(v\D)€E 

subject  to 

(1.1.2)  £ x(v1,w'^)  - £ x(zk,v1) 

(v1,wJ)€Ep  (zK,v1)fEp 


d(v) 

-d(V) 

0 


f or 


if  i = 0, 
if  v1  = D, 
otherwise, 
every  v1  i V 


P’ 


(1.1.3)  0^x(e)  £ u(e)  for  every  e € E , 

rh(vx)  if  e = (v1,v1+1)  € E 

where  u(e)  = < . . p 

lm((v,w)1)  if  e = (v^w^)  £ E , v j-  w. 

P 


We  shall  call  the  constraint  (1.1.2)  the  flow  conservation  equation 

in  G . 

P 

Note  that  in  this  model  all  of  the  arcs  except  the  arcs  connecting 
an  exit  node  v1  to  the  supersink  node  D have  zero  costs.  The  exit  arcs 
(vX,D)  in  Ep  receive  increasing  costs,  representing  the  fact  that  it  is 
more  expensive  to  exit  in  later  time  periods  than  in  earlier  periods; 
more  precisely,  the  people  who  are  leaving  the  building  during  time  i 
receive  a cost  of  i.  This  is  analogous  to  having  a turnstile  at  the 
exit  and  charging  people  more  at  a later  period  than  at  an  earlier 
period.  Due  to  this  analogy,  this  model  is  referred  to  as  the  minimum 
turnstile  cost  model  and  an  optimal  flow  to  this  model  as  the  minimum 
turnstile  cost  flow.  A user-friendly  computer  software  named  EVACNET+ 
was  developed  by  Kisko  et  al.  [42]  in  order  to  implement  the  above 
model . 

This  model  has  two  principal  limitations.  First,  the  model  cannot 
handle  the  behavioral  aspects  of  the  evacuation  process,  and  secondly 
passageway  capacities  (as  modeled)  are  independent  of  the  number  of 
people  present  at  these  components.  We  consider  the  second  limitation 
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in  this  study.  To  determine  the  capacity  of  an  arc  in  EVACNET+,  the 
model  first  estimates  a "service  level"  (i.e.,  how  much  it  will  be 
congested)  on  a given  arc  without  the  knowledge  of  the  actual  flow, 
which  in  turn  depends  upon  the  estimated  arc  capacity,  ending  up  with  a 
cyclic  argument.  Once  these  service  levels  are  estimated,  the 
"constant"  arc  capacities  in  the  model  are  estimated  by  using  formulas 
provided  in  Pauls  [53]  and  Fruin  [24,  25]. 

There  is  substantial  evidence  that  passageways,  when  modeled  as 
arcs,  have  flow  capacities  which  are  functions  of  arc  flows.  For 
example,  Fruin  [24,  25]  reports  the  observation  of  one-way  pedestrian 
flow  along  a walkway  where  the  walkway  flow  measured  in  people  per 
minute  divided  by  the  width  of  the  walkway  more  than  quadruples  (from  6 
to  26)  as  the  "reciprocal"  density,  the  number  of  square  feet  per 
person,  decreases  from  50  to  about  6.  Fruin  suggests,  although 
apparently  not  based  on  actual  data,  that  the  flow  decreases  rapidly  to 
zero  as  the  reciprocal  density  decreases  from  6 to  0.  Pedestrians  can 
adjust  their  interdistances  and  by  so  doing  affect  the  flow  rate. 

In  a more  realistic  model,  the  capacity  of  a movement  arc  (v1,wJ) 

in  Ep  must  be  a function  of  the  density  (people/ft  ) of  people  at  the 

component  at  time  i.  Given  the  constant  area  of  the  component  v,  the 

capacity  of  such  an  arc  can  be  expressed  as  a function  of  the  number  of 

people  in  that  component  at  time  i.  The  capacity  of  the  arc  e = (v^w*1) 

is  given  by  c (x(V  .v1))  for  some  function  c Here  x(V  .v1)  is  defined 
e p e.  p 

by  £ x(z  ,v  ) (where  the  summation  is  done  over  z £ V such  that 

P 

k i 

(z  ,v  ) £ Ep),  representing  the  total  number  of  people  in  the  component 
v including  people  incoming  to  the  component  v during  time  period  i. 
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The  model  to  be  considered  in  this  study,  denoted  by  (P  ) , is  as 
follows : 

minimize  . Z x(v  ,D)»i 

(v\D)£E 

subject  to 

x satisfies  the  flow  conservation  equations  in  G^, 

0 ^ x(e)  ^ c (x(V  .v"*")),  for  e=  (v* , wJ' ) in  E , v / w, 

0 P P 

0 £ x(e)  £ h(v^)  , for  e = (vi,v'’'+'*')  6 E . 

In  what  follows  we  refer  to  cg  as  a flow  dependent  arc  capacity 
function.  We  will  characterize  general  properties  of  c reflecting  the 
flow-dependece  phenomenon  and  develop  algorithms  for  solving  (P  ) . 

1 . 2 Literature  Review 

In  spite  of  the  importance  of  building  evacuation,  previous 
studies  of  modeling  of  building  evacuation  problems  are  scarce. 

Building  evacuation  has  not  been  a major  focus  of  systematic  study  and 
theoretical  treatments  of  evacuation  are  less  informative  as  a whole. 
Most  of  the  earlier  studies  in  this  subject  are  descriptive  and 
generally  pertain  to  case  studies. 

Berlin  [7,  8]  has  been  among  the  first  to  apply  the  operations 
research  methodology  to  building  evacuation  problems . 

Francis  [20]  showed  that,  given  a building  for  which  each  occupant 
has  "reasonable"  access  to  every  evacuation  route,  if  the  building  is 
evacuated  in  minimum  time,  then  the  allocation  of  evacuees  to  routes  is 
such  that  the  route  evacuation  times  are  the  same.  A graphical 
procedure  was  developed  to  help  visualize  this  [21]. 

A comprehensive  network  modeling  of  a building  evacuation  problem 
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was  done  by  Chalmet  et  al.  [11],  Chalmet  and  Francis  [12],  and  Francis 
et  al.  [23].  As  described  in  the  last  section,  a dynamic  network  model 
is  constructed  for  representing  the  evacuation  of  a building  as  it 
evolves  over  time,  where  time  is  represented  discretely  by  consecutive 
time  periods.  This  dynamic  model  "triply"  optimizes  in  the  sense  that 
while  directly  minimizing  the  average  evacuation  time,  it  simultaneously 
maximizes  the  total  number  of  people  who  can  be  evacuated  from  period  1 
through  any  period,  and  also  minimizes  the  time  at  which  the  last 
evacuee  leaves  the  building.  Jarvis  and  Ratliff  [36]  have  proven  a more 
general  case  of  the  triple  optimization  result  just  stated  above.  The 
key  to  their  approach  is  a result  due  to  Minieka  [50]. 

The  above  dynamic  network  model  was  implemented  as  a user-friendly 
interactive  software  called  EVACNET+  by  Kisko  et  al.  [42],  and  used  to 
solve  evacuation  problems  of  real  buildings  [52,  56]. 

Hayashi  [34]  considered  a dynamic  network  model  of  finding  an 
evacuation  routing  which  is  able  to  realize  any  desired  pattern  of 
evacuees  for  each  exit.  For  each  exit,  weights  are  assigned  a priori  to 
each  time  and  an  evacuation  routing  is  found  whose  total  number  of 
evacuees  through  each  exit  is  as  nearly  proportional  as  possible  to  the 
preassigned  weights. 

Hamacher  and  Tufekci  [32]  formulated  multiple-priority  evacuation 
problems  by  incorporating  the  lexicographic  objective  function  to 
EVACNET+ . 

Karbowicz  and  Smith  [38]  applied  a simulation  technique 
considering  the  queueing  phenomenon  to  select  a set  of  "good"  evacuation 
routes  among  the  pre-chosen  K-shortest  paths  to  the  exit. 

Before  these  modeling  approaches,  most  of  the  studies  on  the 


11 


building  evacuation  problems  are  empirical  or  descriptive,  which  can  be 
classified  [59]  as 

a)  "carrying  capacity"  school  and 

b)  "human  response"  school. 

The  "carrying  capacity"  school  represents  those  investigators  who 
emphasize  the  importance  of  providing  properly  designed  exit  facilities 
in  adequate  numbers.  Their  research  has  generally  involved  the 
measurement  of  flow  rates  through  pedestrian  ways  in  a building.  The 
"human  response"  school  has  stressed  the  study  of  human  spatial  movement 
patterns  and  decision  making  behavior  in  an  emergency  situation  which 
often  provides  highly  ambiguous  perceptional  cues.  The  former  includes 
Togawa  [60],  Fruin  [24,  25],  Peschl  [54],  Henderson  [35].  Melinek  and 
Booth  [47],  Pauls  [53],  Appleton  and  Quiggen  [2]  and  the  latter  includes 
Wood  [6l] , Bryan  [10],  Haber  [31],  and  Lerup  [43]. 

Network  modeling  approaches  make  no  attempt  to  describe  the 
behaviour  of  individuals  in  the  event  of  emergency.  Rather  they 
demonstrate  a course  of  action  which,  if  taken,  could  lead  to  an 
evacuation  of  a building  in  a "best"  manner. 

There  is  beginning  to  develop  a collection  of  network  optimization 
models  of  evacuation  problems  considering  the  flow-dependence  of  the  arc 
capacities.  Choi  et  al.  [16]  considered  a relatively  simple  network 
model  of  a building  evacuation  problem  to  characterize  appropriate 
(flow-dependent)  capacity  functions  where  each  exit  is  used  up  to  its 
capacity.  Francis  [22]  and  Choi  and  Francis  [15]  considered  continuous 
time  versions  of  this  problem.  Choi  et  al.  [17]  dealt  with  network 
models  for  special  building  structures  (trees  or  some  variation  of 
trees)  and  presented  efficient  algorithms  for  obtaining  optimal 
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solutions . 

We  note  that  some  results  of  the  carrying  capacity  school  yield 
input  data,  for  example  capacity  and  traversal  time,  to  the  network 
modeling  approaches.  Most  results  of  the  carrying  capacity  school  were 
obtained  by  observing  the  flow  empirically  in  various  components,  say 
passageways,  doorways,  stairways,  etc.  However  none  of  these  approaches 
looked  at  the  evacuation  problem  from  a point  of  a total  system  as  the 
network  modeling  does . 

Finally,  we  briefly  consider  the  study  of  an  area  evacuation, 
which  has  some  similarity  to  the  building  evacuation  problem.  An  area 
evacuation  concerns  evacuation  of  people  on  a "large"  area  especially  in 
the  emergency  case  of  a nuclear  power  plant  accident  or  a hurricane 
threat.  A large-scale  "micro"  traffic  simulation  model,  NETSIM,  was 
used  in  a study  of  the  evacuation  pattern  in  the  area  surrounding 
nuclear  power  plants  [26].  The  model  keeps  track  of  every  individual 
vehicle  in  the  system,  including  characteristics  relating  to  the  vehicle 
type  and  the  behavior  of  its  driver  under  various  situations.  It  can  be 
used  only  for  small  network  due  to  its  micro-level  characteristics. 
Sheffi  et  al . [58]  developed  a "macro"  traffic  simulation  model, 

NETVACI.  It  does  not  keep  track  of  each  vehicle  but  rather  uses  traffic 
flow  relationships  to  account  for  and  record  densities,  speeds,  flow, 
queues,  and  other  information  throughout  the  evacuation  process.  The 
model  uses  a graphic  representation  of  the  road  network  and  simulates 
the  flow  of  the  traffic  at  every  fixed  interval  by  using  the  traffic 
assignment  theory  [57] • 

It  is  remarkable  that  in  the  traffic  assignment  theory,  the 
traversal  time  is  dependent  on  the  flow  and  incorporated  in  the 
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objective  function,  while  the  capacity  on  each  arc  is  pre-determined 
"somewhat"  independently  of  the  flow  [51].  Most  of  the  literature  on 
traffic  assignment  assumes  the  steady  state  conditions.  There  is 
beginning  to  develop  a collection  of  "dynamic"  (time-dependent)  traffic 
assignment  models  [5,  48,  49,  62].  In  our  time-expanded  network  model, 

(P  ) , it  is  not  easy  to  incorporate  the  flow-dependent  traversal  time 
directly,  since  we  need  know  the  traversal  times  a priori  to  get  a time- 
expanded  network.  Both  approaches  (the  flow-dependent  capacity  and  the 
flow-dependent  traversal  time)  are  complement  to  each  other.  If  we  fix 
a traversal  time,  then  the  capacity  will  be  varying  with  the  congestion, 
and  vice  versa.  Further  study  is  needed  to  investigate  the  precise 
relationship  between  these  two  approaches. 

1 . 3 Scope  of  the  Study 

In  Chapter  2,  we  shall  develop  abstract  models  of  flow-dependent 
capacity  functions  which  reflect  the  flow-dependence  phenomenon  reported 
by  several  empirical  studies. 

In  Chapter  3 , we  shall  analyze  a case  when  a building  can  be 
represented  as  a convergent  tree  in  a static  network,  which  is  not 
uncommon  after  aggregating  some  components  in  the  building.  Under  the 
assumption  of  nondecreasing  capacity  functions,  we  shall  see  that  there 
are  efficient  algorithms  for  solving  the  model  (P  ) , which  also  provide 
a triple  optimization  solution. 

In  Chapter  4 , we  will  deal  with  buildings  having  more  general 
structures  than  a convergent  tree.  With  linear  or  piecewise  linearly 
approximated  capacity  functions,  we  shall  develop  a partitioning  simplex 
method  by  a new  scheme  of  partitioning  the  basis.  We  shall  see  that  the 


size  of  the  working  basis  changes  dynamically;  i.e.,  shrinks  or  grows. 
We  report  some  preliminary  computational  results,  which  are  encouragin 
In  Chapter  5 we  propose  our  future  research. 


CHAPTER  2 


CHARACTERIZATION  OF  CAPACITY  FUNCTIONS 

As  presented  earlier,  capacities  of  movement  arcs  depend  upon 
flows.  There  is  a substantial  experimental  literature  available  for 
understanding  the  flow-dependence  property  of  capacity  functions.  This 
literature  was  presented  in  the  previous  chapter.  As  examples  for  flow- 
dependence  of  capacities,  we  cite  some  results  of  Fruin  [24,  25]  and 
Pauls  [531*  Fruin  made  a photographic  survey  of  pedestrian  flows  on 
stairs,  along  corridors,  and  through  doors.  Figure  2.1  illustrates  an 
experimental  result  for  descending  stairs  in  a stadium  [25].  The 
vertical  axis  is  the  flow  rate  P,  the  number  of  pedestrians  per  minute 
passing  through  a point  on  a stair,  when  normalized  by  dividing  by  the 
width  of  the  stair  in  feet.  And  the  horizontal  axis  is  the  square  feet 
per  pedestrian  (what  Fruin  calls  "module"  M) . The  graph  of  P versus  M 
in  Figure  2.1  is  a decreasing  function  for  values  of  M between  about  6 
and  50.  Fruin  suggests  that  if  M decreases  to  less  than  5.  then  P 
decreases  quickly  to  a value  of  0,  although  apparently  not  based  on 
actual  data.  If  we  change  the  scale  of  the  horizontal  axis  from  M to 
1/M  (i.e.,  pedestrians  per  square  feet),  then  the  graph  of  P versus  1/M 
can  be  depicted  as  in  Figure  2.2.  For  a given  stair,  since  its  area  is 
a constant,  the  graph  of  the  flow  rate  versus  the  number  of  pedestrians 
on  the  stair  has  basically  the  same  form  as  Figure  2.2. 

Pauls  also  reports  the  movement  of  people  on  exit  stairs  based 
upon  actual  observation  of  a number  of  trial  building  evacuations  [53]- 
He  defines  the  effective  width  of  a stairway  to  be  the  actual  width. 
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Persons/ (minute*foot  width)  Persons/ (minute*foot  width) 
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(P) 


Figure  2.1  Pedestrian  flow  volumes  (Source:  Fruin  [25]) 


(P) 


Figure  2.2  An  equivalent  form  of  Figure  2.1 


measured  in  millimeters,  less  300  millimeters  of  "unused"  width.  If  w 
denotes  the  effective  width  of  a stairway  and  if  y people  use  the 
stairway,  then  Pauls  predicts  the  flow  rate  f,  measured  in 
people/second,  at  the  bottom  of  the  stairway,  as  follows: 
f = (w/8040)°‘73  y°'27. 

Note  that  for  Pauls'  flow  model  the  flow  rate  f also  depends  upon  the 
number  of  people,  y,  using  the  stairway. 

We  remark  that  data  for  deriving  capacity  functions  are 
necessarily  dependent  upon  the  specific  buildings  and  occupants 
involved.  For  example,  capacity  functions  associated  with  stairwells 
depend  upon  stairnosings , riser,  and  tread  as  well  as  the  angle  of  the 
stairs,  quantities  which  vary  from  building  to  building  and  are  not 
readily  classifiable.  Thus,  it  is  not  a purpose  of  this  chapter  to 
provide  all  the  parameters  of  the  capacity  functions  ready  for  use  in 
any  buildings,  but  to  capture  general  properties  of  capacity  functions 
which  reflect  the  phenomenon  of  flow-dependence.  In  this  chapter  we 
shall  develop  models  from  which  some  assumptions  on  the  capacity 
functions  are  derived.  These  models  provide  a mechanism  for  studying 
arc  capacity  functions  and  allow  some  comparisons  with  earlier  models 
having  constant  arc  capacities.  We  first  treat  time  as  a discrete 
parameter  in  Section  2.1,  and  then  --  more  realistically  --  as  a 
continuous  parameter  in  Section  2.2.  The  study  here  will  help  in  the 
development  to  come  in  the  following  chapters.  We  remark  that  Section 
2.1  and  Section  2.2  are  based  on  Choi  et  al.  [16]  and  Choi  and  Francis 
[15]  respectively. 
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2 . 1 A Model  of  Capacity  Function 
2.1.1  Assumptions  on  Capacity  Function 

In  this  section  we  will  develop  an  abstract  model  of  capacity 
functions  which  reflects  the  flow-dependence  as  illustrated  in  the 
experimental  results  discussed  above. 

Given  a study  horizon  of  length  T,  we  suppose  time  to  be  divided 
into  p periods  of  equal  length  T/p.  Our  model  most  closely  relates  to 
observations  made  by  Fruin  and  Pauls,  if  we  consider  a two-part  walkway, 
with  x being  the  number  of  people  passing  from  the  first  part  to  the 
second  part  during  period  i,  and  y being  the  number  of  people  in  the 
first  part  of  the  walkway  at  the  beginning  of  period  i.  For  each  time 
period  i,  the  capacity  function  ^ given  in  (2.1.4)  below  provides  an 
upper  bound  on  the  number  of  people  who  can  pass  from  the  first  part  to 
the  second  part  of  the  walkway  as  a function  of  the  number  of  people 
present  in  the  first  part  of  the  walkway  at  the  beginning  of  period  i. 

The  other  constraints  (2.1.2)  and  (2.1.3)  are  the  classical  flow 
conservation  equations.  Our  interest  then  is  to  determine  the  maximum 
number  of  people  who  can  pass  into  the  second  part  of  the  walkway  in  p 


periods . 

We  denote  this  problem 

by  (PT) . 

(2.1.1) 

Maximize  y^ 

subject  to 

(2.1.2) 

yi  = Xi  + yi+l’  1 = 

1,  ...  , 

, P-1, 

(2.1.3) 

yP  = V 

(2.1.4) 

0 ^ Xi  " ci (yi) - 0 

S yi’  1 

= 1, 

Figure  2.3  shows  a network  interpretation  of  (P  ) . 
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Figure  2.3  Network  structure  of  (P^) 

It  is  convenient  to  discuss  (P^)  subsequently  in  the  context  of 
people  inside  a building  lobby.  For  each  i = 1,  ...,  p,  y.  is  the 
number  of  people  inside  the  lobby  at  the  beginning  of  period  i,  while  x. 
is  the  number  of  people  leaving  the  lobby  through  a unique  exit  during 
period  i.  Our  objective  is  then  to  maximize  the  number  of  people  who 
can  evacuate  the  building  during  p periods  by  using  the  exit  up  to  its 
capacity  in  each  time  period.  This  context  is  not  as  realistic,  in 
terms  of  Fruin's  data,  as  the  walkway  context,  since  the  exit  doors 
would  probably  dictate  the  capacity  functions,  but  is  easier  to  discuss 
and  visualize,  due  to  the  availability  of  such  terms  as  "inside," 
"exiting,"  and  "outside."  Further,  the  basic  idea  remains  the  same  as 
in  the  walkway  context:  the  exit  rate  is  a function  of  the  area  per 
person  in  the  lobby.  Since  the  lobby  area  is  constant,  the  exit  rate 
thus  depends  upon  the  number  of  people  in  the  lobby. 

We  make  the  following  assumptions  about  each  capacity  function  c^: 
(Al)  c^. is  continuous  on  [0,®), 

(A2)  c^(y)  £ 0 for  all  y 2 0,  and  c_^(0)  > 0. 

For  physical  reasons,  (Al)  and  (A2)  are  clearly  reasonable.  We  now 
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consider  a following  fundamental  question.  For  what  kind  of  capacity 
functions  will  the  objective  function  be  maximized  if  the  exit  is  used 
to  its  capacity  during  each  period?  Thus  we  wish  to  consider  the  case 
where,  for  each  period  i,  we  have 

xi  ■ ci(yi> • 

or  equivalently,  we  have  (since  = cp(yp)) 


(2.1.5)  yp  - cp(yp)  = o; 

(2.1.6)  y±  - ci(yi)  = yi+1,  i = p-1,  ....  1. 

For  convenience,  we  adopt  the  convention  subsequently  that  any  symbol 

with  a subscript  p+1  is  zero.  We  now  define  the  complement  function  of 

c.,  denoted  by  c . , as  follows: 
l i 

(2.1.7)  ci(y)  = y - ci(y)  for  y 2 0. 

It  follows  that  we  are  interested  in  those  capacity  functions  such 
that  the  solution  to 


(2.1.8)  c^y..)  = yi+i>  i = P 1. 

solves  our  problem  (P^) , once  we  define  the  by 

x±  = y±  ~ yi+1  for  i = 1 p. 

The  assumptions  (Al)  and  (A2)  are  inadequate  to  result  in  a well 
formulated  problem.  To  see  this,  consider  the  case  of  linear  capacity 
functions ; i . e . , 


c^(y)  = y + 3_.  for  all  y 2 0 and  i = 1,  ...,  p. 

Assumptions  (Al)  and  (A2)  above  then  become,  for  i = 1,  ...,  p, 

a.  20,  3-  > 0. 

l i 

For  any  period  i,  we  note  that  x^  = a-[  yi  + 3-^  and  yi  ~ xi  give 

(l-a.)y.  23.  >0.  Thus  we  conclude  y.  > 0 and  a.  <1.  Hence  if  the 
111  1 1 

exit  is  to  be  used  to  its  capacity  in  each  period  i,  then  it  is 
necessary  to  assume  < 1.  Now  consider  (2.1.8)  for  the  case  i = p. 


Provided  ou  < 1,  we  see  the  system  has  a unique  solution,  while 
otherwise  it  has  no  solution.  Likewise,  for  i < p,  (2.1.8)  becomes 

(i  - «.)  y.  - * yi+1. 

which,  if  yi+^  is  known,  has  a unique  positive  solution  for  y.  if 
0 £ ou  < 1,  and  may  have  no  solution  otherwise. 

Abstracting  from  the  linear  capacity  function  case,  we  shall 
therefore  make  the  following  unique  positive  solution  (UPS)  assumption: 
(A3)  For  each  complement  function  c^*).  we  shall  assume  that  for  each 
possible  nonnegative  number  r the  equation 
c±(y)  = r 

has  a unique  positive  solution. 

Since  the  UPS  assumption  is  necessary  for  the  linear  capacity 
function  case,  it  seems  a relatively  weak  assumption  to  make.  Also,  the 
assumption  is  consistent  with  the  idea  of  "using  the  exit  to  its 
capacity  in  each  time  period,"  which  implies  the  resultant  flow  values 
are  unique.  Further,  the  assumption  is  valid  in  the  conventional  case 
for  which  the  capacity  function  is  a constant. 

Theorem  2.1 

Under  (Al)  and  (A2) , (A3)  is  equivalent  to  the  following: 

(A3)  ' each  complement  function  c_^  is  unbounded  above  and 

each  c^(y)  is  strictly  increasing  over  { y | c.(y)  2 0 }. 

Proof:  We  suppose  that  (A3)  holds  for  each  c^.  Then  c^  must  be 

unbounded  above,  as  otherwise  for  sufficiently  large  k,  the  equation 
ci(y)  = k has  no  solution.  We  show  that  c^(y)  is  strictly  increasing 
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over  { y | c^(y)  2 0}.  By  contradiction,  suppose  that  c^  is  not 
strictly  increasing  over  { y | c^(y)  20}.  Then  there  exist  two 
points,  y^  and  y2>  with  y^  < y^,  for  which  c^y^)  2 c^y^  2 0.  We 

cannot  have  c^(y^)  = c^(y2),  for  then  (A3)  is  violated.  Thus  c^(y^)  > 

c^iy^) • Since  c^  is  continuous  by  (Al) , c^  is  also  continuous.  By 
(A2) , c^(0)  < 0.  Then  since  c^(y^)  > 0,  by  the  Intermediate  Value 
Theorem,  there  exists  some  y^t  0 < y^  < y^  for  which  c^y^)  = c^y^, 
contradicting  (A3) . Hence  we  conclude  that  c^  is  strictly  increasing 
over  { y \ c± (y ) 2 0 } . 

Now  suppose  that  the  assumption  (A3)'  holds.  We  choose  arbitrary 
k 2 0.  Then  we  have  c^(0)  < 0 £ k.  Since  c_^  is  assumed  to  be  unbounded 

above,  there  exists  some  y^ , for  which  c^(y^)  2 k.  Since  c^  is 

continuous  by  (Al),  the  Intermediate  Value  Theorem  implies  that  there 
exist  y2,  0 < y2  £ y^ , for  which 

ci(0)  < c±(y2)  = k < ci(y1) . 

Then  y 2 is  a positive  solution  to  c^(y)  = k.  Since  c^  is  assumed  to  be 
strictly  increasing  over  ( y ' c.(y)  2 0 },  y2  is  the  unique  solution  to 
ci(y)  = k.  Hence  it  now  follows  that  (A3)  holds.  Q.E.D. 

Corollary  2.2 

Suppose  c^  satisfies  (Al),  (A2) , and  (A3).  Then 

i)  c.(z)  =0  for  some  z > 0 and 

l 

ii)  c^(y)  < 0 for  y,  0 ^ y < z. 

Proof:  By  (A 2),  c^(0)  < 0.  By  Theorem  2.1,  c^  is  unbounded  above. 

Hence  c^(z)  = 0 for  some  z > 0.  Now  suppose  ii)  is  false.  Then  there 
exists  some  y,  0 S y < z,  such  that  c^(y)  2 0.  However  this  contradicts 
the  strict  monotonicity  of  c^  in  (A3),  since  c^(y)  2 c_^(z)  = 0 but 
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y < z.  Q.E.D. 

Due  to  Theorem  2.1,  we  shall  use  (A3)  and  (A3)'  interchangeably  from  now 

on.  We  remark  each  complement  function  is  unbounded  if  each  capacity 

function  is  bounded.  Note  also  that  for  the  case  where  c . is  a linear 

1 

capacity  function  it  is  easy  to  verify  that  (A3)  is  equivalent  to 
assuming  that  on  < 1 . We  note  that  we  need  no  convexity  or  concavity 
assumptions  about  the  capacity  functions. 

2.1.2  Optimality  Theorem 

By  assumption  (Al)  each  capacity  function  is  continuous  on  [0,°°). 
Thus  the  complement  functions  are  also  continuous  on  [0,°°).  From 
assumption  (A3) , we  get  the  existence  of  strictly  increasing  and 
continuous  inverse  functions  c_^  ^ satisfying 
(2.1.9)  ci"1(k)  > 0 for  all  k > 0. 

The  following  theorem  shows  that  we  can,  in  fact,  solve  (P^)  by 
saturating  the  exit  at  each  time  period  up  to  its  capacity,  as  we 
mentioned  earlier. 


Theorem  2.3  (Optimality  Theorem) 

* 

Define  Y = ( y^*,  •••,  y *)  recursively  by 


* _ 


- -1, 


and  X 


V * CP  <°>. 

(x1* xp*)  by 


for  i = p-1,  ....  1, 


X . 
1 


ci (yi*)  for  i = 1, 


, P- 


Then  Z = (X  ,Y  ) is  the  unique  optimal  solution  of  (P^) 

* _ 

Proof:  (1)  Feasibility  of  Z : The  definitions  of  c.,  x.*,  and 


yield 
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o = Cp(yp*)  = yp*  - cp*(yp*! 


y * - x *; 
P P 


i . e . , x * = y * ; also 
P P 

yLl 


c. (y.*)  = y.* 


X . 
1 


* . 


i.e.,  y*±  = x*  + y*+1.  i = 1. 


p-1.  Hence  (2.1.2)  and  (2.1.3)  hold. 


Moreover , f rom  (2.1.9)  we  get 
* - -1 


yi 


cp  (0)  > 0, 

Ci  1 ^yi  + l ^ >0>  for  1 = P_1 1 • 


and  0 £ x_^*  = c^(y_^*)  by  (A2)  . 

* 

(2)  Optimality  of  Z : Let  Z = (X,Y)  be  any  feasible  solution.  We  shall 
show  that  y^  ^ y^*,  i = 1 . •••.  P-  For  i = 1 we  then  get 

yl  - yl* 

* 

and  thus  the  optimality  of  Z . Suppose  yp  > yp*.  Then  we  have 

y - c (y  ) = c (y  ) > c (y  *)  = 0, 

P P P P P p °p 

since  c is  strictly  increasing.  The  feasibility  of  Z = (X,Y)  yields 
P 

x = y > c (y  ) , 

p Jp  pwp'’ 

contradicting  the  capacity  property  of  x . 

Suppose  y^  > y^*,  Tor  some  i € {1,  ...,  p-1}  and  y_^,  2 y^*  for 


which  i’>  i.  Then  y.  - c.(y.)  = c.(y.)  > c(y.*)  = y. 


. 1 ^ y . . , since  c . 
l+l  Ji+1  i 


i i i'  i i'  i 

is  strictly  increasing.  The  feasibility  of  Z = (X,Y)  yields  x.  = y.  - 


yi+l  ^ Ci^yi^’  again  contradicting  the  capacity  property  of  x^ . 

* 

(3)  Uniqueness  of  Z : Let  Z = (X,Y)  be  any  optimal  solution  of  (P 


so 


that  y1  = y1*. 


Assume  y.  = y.*  for  i = 1,  . . . , k,  with 

i i 


k < p.  Then  (2.1.2)  and  (2.1.4)  yield 


k+1 


= y,,  ~ x.  ^ y. 


ck(yk> 


ck<yk*>  - yk.r 


On  the  other  hand,  y^+^  - y^.^  as  shown  in  part  (2)  of  the  proof.  Hence 


y.  = y.*  for  all  i = 1,  ...,  p and 
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x . 

l 


yi  ' yi+l  yi*  “ yi+l  Xi* ' 


Q.E.D. 

An  immediate  consequence  of  the  optimality  theorem  is  the 


following  closed  form  expression  for  the  optimal  objective  function 
value: 


y-L*  = ci  1 (c2  1 (*  * * (cp  1(0)).  • •))• 

In  particular,  in  the  case  that  the  capacity  functions  are  independent 
of  time  (i.e.,  c^(-)  = c(-)  fori  = 1,  p),  we  get 

(2.1.10)  yx*  = c'P  (0). 

Here  c P is  the  p-fold  application  of  the  inverse  function  c ^ . 

In  the  case  of  linear  capacity  functions;  i.e.,  c^(y)  = a.  y + 

the  complement  functions  are  given  by  c^(y)  = y - or  y - 3^  = (1-  or)  y 

- 3^.  Hence  assumptions  (Al),  (A2) , and  (A3)'  become 

(2.1.11)  0 £ or  < 1,  0 < 3.  . 

(Notice  that  the  case  or  = 0,  3^  > 0 includes  the  classical  network  flow 
problem  with  constant  capacities.)  Their  inverse  functions  are 
given  by 

ci  1(z)  = (z  + 3 i ) / ( 1 - ai)  , 

* * 

and  we  can  compute  the  optimal  solution  (X  ,Y  ) by  using  the  recursive 

formulas  of  the  Optimality  Theorem.  If  or  = and  3_^  = 3 i = 1,  ..., 

p are  independent  of  time,  we  get  by  using  (2.1.10) 


(2.1.12)  yx*  = c"P(0)  = l 31/(l-a1)i  = (31/«1 ) [1/ ( l-«  ) P - 1]. 

i=l 

* * * 

The  optimal  solution  Z = (X  ,Y  ) is  given  by  the  Optimality  Theorem  as 
follows : 

p+l-i 

(2.1.13)  y.*  = s 3,/U  -«)J  >0,  i = 1,  ....  p, 

j=l 

(2.1.14)  X.*  = P1/(l  - o1)P+1_1  > 0,  i = 1,  ...,  p. 
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We  now  present  a "graphical  method"  which  conveniently  displays 
the  optimal  solutions. 


Graphical  Method 
Set  yp+l  = 0: 

FOR  i = p DOWNTO  1 DO 
BEGIN 


Construct  a 45-degree  line  passing  through  (y*+^,  0); 

Get  the  intersection  point  of  the  capacity  function  c^(*) 
and  the  45-degree  line; 

Let  x^*  be  the  vertical  component  of  the  intersection  point, 
y^*  be  the  horizontal  component  of  the  intersection  point; 

END. 


Figure  2.4  shows  an  example  in  the  case  of  a time-independent 
capacity  function. 


Figure  2.4  Graphical  method 


2.1.3  Duality  and  an  Interpretation  of  Dual  Multipliers 
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We  now  assume  that  the  capacity  functions  are  differentiable. 
Applying  the  Kuhn-Tucker  conditions  to  (P  ) , we  can  obtain  closed  form 
expressions  for  the  dual  multipliers. 

Let  ir  and  w^,  i = 1,  ....  p be  the  dual  multipliers  for 
constraints  (2.1.2)  - (2.1.3)  and  (2.1.4)  of  (P  ) respectively. 

Note  that  c^  is  strictly  increasing  if  c^'(y)  > 0,  or  ^'(y)  < 1 
for  every  y E { y ! c^(y)  20}.  However,  the  converse  is  not  true.  It 
is  possible  that  c_^  is  strictly  increasing  but  yet  c^'(y)  = 0 (or  c.'(y) 
= 1)  for  some  points.  Without  loss  of  generality  in  most  cases,  we 
replace  (A3)'  with  a stronger  assumption  (A3)"  as  follows: 

(A3)"  ci  is  unbounded  above  and  c^'(y)  < 1 for  y 6 { y | c.(y)  20}. 

In  this  section  we  assume  that  every  c±  satisfies  (Al),  (A 2),  and 
(A3)"  as  well  as  the  differentiability.  It  is  shown  in  Appendix  A that 

(PT)  satisfies  the  Linear  Independence  Constraint  Qualification  [4]  at 

* * 

the  optimal  solution  (X  ,Y  ) obtained  by  using  the  Optimality  Theorem, 
only  if  ci’(yi*)  < 1 for  every  i.  Hence  (A3)"  seems  a relatively  weak 
assumption.  On  applying  the  Kuhn-Tucker  conditions  to  (P  ) we  obtain, 
among  others,  the  following  conditions: 

(2.1.15)  xi^-iri  + w±)  = 0,  i = 1,  ....  p, 

(2.1.16)  ypt-l  + TTp  - c1'(y1)  w:]  = 0, 

(2.1.17)  yi^-,ri-l  + “ ci'(yi)  w±]  = 0,  i = 2 p. 

* * 

Noting  that  all  the  entries  in  X and  Y are  positive,  and  that  c^'(y.*) 
< 1 for  all  i,  by  using  the  complementary  slackness  conditions  (2.1.15) 

- (2.1.17)  we  get  optimal  dual  multipliers  as  follows: 
wx*  = ir1*  = 1/(1  - cx ' (y^*) ) , 
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wi*  = Wi-1  7 (1  ' ci'(yi*):)’  i = 2,  ....  p, 


TT.*  = TT. 


i_1  / (1  - cj,'(yi*))  = W±*,  i = 2,  p. 


In  the  remainder  of  this  section  we  consider  the  linear  capacity 
function  case, 

ci(yi)  = on  y±  + 3i,  0 < a.  < 1,  0 < p.,  i = 1 P- 

We  then  have  c . ' ( y . ) = a . and  thus  have 
i i i 

w1*  = ir1*  = 1 / (1  - «1)  , 

w±*  = w*_1  / (1  - on),  i = 2,  ....  p, 

= n’*_1  / (1  - «i),  i = 2 p. 

The  optimal  dual  multipliers  w.*  represent  the  resultant  change  in 

J 

y * if  the  constant,  p.,  for  capacity  function  c.  is  increased  by  one 


J 


unit;  that  is, 
(2.1.18) 


W = “j  yj  * u 

It  is  not  difficult  to  see  that  this  unit  change  in  p . will  affect  only 

* * 

the  first  j entries  in  X and  Y . The  changes  in  x^*  and  y^*  for  i = 1, 
....  j-1  are  given  by 


(2.1.19) 

(2.1.20) 
Also, 


8 x . * = a . TT  1/  ( 1 - a,  ) , 
l l , . k 

k=i 


6 y±*  = ir  1/(1  - «k)  . 
k=i 


Note  that 


8 x.*  = 1/(1  - <x.)  = 8 y.*. 
J J J 


w.  = it.  < w.  „ = ir.  . for  i =1,  ...,  p-1, 
i i i+I  l+l 


-if 

yi  > yi+1  . > x.+1,  for  i = 1,  ....  p-1, 


and  1/(1  - «.)  > 1 for  i = 1, 

l 


, p.  Thus  any  change  in  pj.  j - P» 


-if  9f 

produces  an  increasing  compounding  effect  on  y yj-2’ 


We 
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can  explain  these  increases  as  follows:  a change  of  one  unit  in  p. 

J 

increases  y.*  by  l/(l-a.)  units.  To  provide  l/(l-ot.)  extra  units  to 
J J J 

* ■£ 

y.,  y.  . must  be  increased  by  l/[  (1-a . ) (1-ot . .)]  > l/(l-o.)  units,  and 
J J-l  J J-l  j 

so  on.  Noting  that  (2.1.20)  with  i = 1 gives  the  change  in  y^*  when  we 

make  a unit  change  in  p . , we  see  that  the  largest  change  will  be 

J 

obtained  when  the  number  in  the  product  in  (2.1.20)  is  maximum,  which 
corresponds  to  j = p.  Hence  we  conclude  from  the  dual  multipliers  that 
the  "later"  we  can  make  additional  capacity  available  (and  provided  that 
information  must  be  known  from  the  outset,  so  that  we  can  take  advantage 
of  the  additional  capacity  for  each  time  period),  the  better  off  we  are. 

The  interpretation  of  dual  variables  ir  * is  quite  similar  to  that 
for  w_^*.  Assuming  that  an  extra  exit  with  unit  capacity  is  added  to  the 
existing  exit  at  time  i,  independently  of  the  flow  value  y^*,  ir  * then 
represents  the  amount  of  increase  in  y^*  due  to  this  change.  However, 
this  change  is  equivalent  to  assuming  that  (2.1.18)  holds. 


2.2  A Continuous  Time  Model 


In  the  previous  analysis  the  time  parameter  i in  the  model  (P  ) 
was  assumed  to  be  discrete  with  each  time  period  consisting  of  an 
interval  of  length  T/p.  However,  the  concept  of  a period  is  itself  an 
abstraction,  since  time  is  really  a continuous  variable.  Therefore,  it 
will  be  instructive  to  see  how  the  solutions  depend  upon  the 
discretization  of  the  time  parameter.  A study  of  a continuous  time 
model  will  help  us  to  evaluate  the  significance  of  this  discretization. 
We  will  study  the  discrete  time  and  continuous  time  versions  of  this 
model  to  help  facilitate  the  relationships  between  discrete  time  and 
continuous  time  models. 
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Consider  a model  where  the  general  capacity  function  in  (P  ) is 
approximated  with  a piecewise  linear  function  as  a simplification, 

(2.2.1)  c± (y ) = c (y ) = minimum  { y + 3^  -«2  y + 32  } , 
where 

(2.2.2)  0 < < 1 , 0<a2,  and 

(2.2.3)  (1  + o2)01  < (1  - o1)32> 

(Note  that  actually  c(y)  should  have  been  defined  as 

c (y)  = max  {min{  y + 31>  -«2  y + 32  },  0} 
to  satisfy  capacity  assumption  (A2) . However  assuming  (2.2.1)  will  not 
affect  the  following  results.) 

Figure  2.5  illustrates  an  optimum  solution  of  the  discrete  model  by  the 
graphical  method  in  such  a case.  The  last  condition  (2.2.3)  eliminates 
the  case  where  y + 3^  is  redundant,  as  shown  in  Figure  2.6. 

We  now  solve  (P  ) given  assumptions  (2.2.1),  (2.2.2),  and  (2.2.3). 
For  convenience  we  call  the  main  loop  in  the  graphical  method  the 
"zigzagging  process."  In  solving  the  discrete  version  of  the  problem 
let  i be  the  number  of  periods  over  which  y + 3 is  "active”;  i.e., 
xi  = “l  yi  + Pf,  in  the  zigzagging  process.  Then  for  i > p + 1 - i,  the 
flow  x^*  is  less  than  or  equal  to  («2  3.^  + 32)/(«1  + a ) , the 

vertical  component  of  the  intersection  point  of  y + 3 and 
-«2  y + 32-  Hence 

(2.2.4)  i = max  {i  j («2  0X  + «1  32)/(o1  + «2)  2 31/(1  - c^)1} 

= [ loS  [31 («1  + a2)/(«2  3X  + a1  32)]  / log(l  - j , 

where  z J denotes  the  largest  integer  less  than  or  equal  to  z. 

For  example,  i = 3 in  Figure  2.5.  We  call  i the  critical  point. 

If  P - i,  then  one  can  see  easily  in  Figure  2.5  that  optimum 
solutions,  xi*  and  y^  are  determined  only  by  y + 3^^  and  are  thus  the 
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c (y) 


c (y) 


same  as  (2.1.14)  and  (2.1.13)  respectively. 
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From  now  on,  we  assume  that  p > i.  For  notational  convenience, 

define  I = {1 p},  1^  = {1,  ....  p-i},  and  1 2 = {p-i+1,  ...,  p}. 

Then  for  i £ I^,  x^*  is  given  by  equation  (2.1.14).  Similarly,  it  can 
be  shown  that 

(2.2.5)  = xp_./(l  + a2)^P  1 i'>  for  i £ 1^ 

* 

By  the  graphical  method  xp_£  is  the  vertical  component  of  the 
intersection  point  of  the  line  - a 2 y + P2  and  the  45-degree  line  passing 
through  (y*_i+1.  0).  Thus 


(2.2.6) 


Vi  * ('02  y*.!,!*  P2)/(l  * «2) 


For  notational  convenience,  we  denote  yp_£+^  by  QJ  i.e.. 


(2.2.7) 

Then  we  get 

(2.2.8) 

(2.2.9) 


* P i 

q = y „ 1 = . S . ,x.*  = (p. /a. ) [1/ ( 1 - a.)  - 1] 

p-i  + 1 i=p-x+l  l 1 1/L  ' ' 1 ' J 


(-«,  Q + 30)/(l  + a0)(p_1"1+1)  for  in., 


x . 

l 


2 2 
(p-i+1) 


P1/(l  - «1) 


=i=lXi*  = “ q^1  " VU  + a' 


for  i € I2> 


(p-i) 


2'  2 


] 


= P2/a2  + (P1/a1 ) /[ ( 1 - «1)1  (1  + «2)(P_i)] 

- (31/a1  + P2/a2)/(l  + c<2)^P 

Now  consider  the  dual  problem.  Let  ir  (i  = 1,  ....  p)  be  the  dual 
variables  corresponding  to  (2.1.2)  and  (2.1.3).  Splitting  the 
constraint  (2.1.4)  into 

Xi  " °i  yi  + pi  and  xi  " ~a2  yi  + P2’ 


we  define  w.  . and  w.  _ (i  = 1 , . . . , p)  to  be  the  corresponding  dual 

1,1  1 ♦ *- 


variables  respectively . 
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Note  that  all  x_^*  and  y_^*  are  positive;  by  using  the  complementary 
slackness  conditions,  we  get  an  optimum  dual  solution  as  follows: 

1/(1  + a2)\  for  i € Ir 

!/[{(!  + «2 ) / ( 1 " ^ (1  " a1 ) 1] » for  i € I2’ 

( 0,  for  i ( 1, 

(2.2.11)  w = 

1 ’ TT for  i f L, 

1 l 2 

* f ir  * for  i E I , 

(2.2.12)  w.  _ = 

1>2  1 0,  for  i { I2. 

Define  w_^*  by 

(2.2.13)  w.*  = max  {w*  w*  _},  for  i € I. 

i i,l  i,2 

Note  that  w^*  = n\*  for  every  i 6 I.  Then  w^*  can  be  interpreted  as  an 
optimum  dual  variable  corresponding  to  the  constraint  x_^  ^ c(y^).  We 
can  interpret  w^*  as  the  resultant  change  in  y^*  if  the  capacity 
function  at  time  i is  increased  by  1;  i.e.,  c_^(y)  = min  (a^  y + 

-o:^  y + 32)  + 1-  A graph  of  x^*  and  w^*  is  given  in  Figure  2. 7- 


(2.2.10)  iri1f  = 
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(Actually  x_^*  and  w^*  are  discrete  functions  of  the  time  period  i.) 

Note  the  tendency  of  x^*  resembling  somewhat  the  capacity  function. 

We  now  will  study  the  continous  time  model  by  using  limit 

analysis.  We  will  see  how  x_^*  and  w_^*  change  as  p approaches  to 

infinity;  i.e.,  the  unit  time  interval  T/p  approaches  to  zero.  In  what 

/ \ 

follows  a quantity  (*)  P will  correspond  to  the  p period  problem. 

Observing  that  c^P^(y)  - (1/k)  c^(y),  we  define  A.  and  B.  (j  = 1,  2) 

J J 

to  be  « . and  g.  (j  = 1,  2)  respectively  corresponding  to  a period  of 
1 J 


unit  length.  Then  for  j = 1,  2, 
(2.2.14) 


«JP)  = A (T/p), 

J J 


g!P)  = B (T/p). 

J J 

Replacing  afP^and  g(P^  with  A.  (T/p)  and  B.  (T/p)  respectively  in 
J J J J 

the  expression  we  are  interested  in  and  letting  p -->  °°,  we  will  get  the 
limits.  For  notational  convenience,  we  define 


(2.2.15)  e = (a2b1  + a1b2)/[b1(a1  + a2)]. 

Then  we  can  rewrite  (2.2.4)  as 

i (P^  = [ loS  (e)  / loS  U ~ «{ph  J- 

Moreover  we  get 

(2.2.16)  pii^co  T/P  = pii^oo^  log  (9)  / loS  U “ Ax  t/p)  ] T/P 
= pli^  log  (6)  / [ (p/T)  log  (1  - A1  T/p)]  = (1/AX)  log  (6). 


Here,  i^  T/p  can  be  interpreted  as  the  length  of  the  interval  in  time 
over  which  ajP^y  + bjP^  is  "active."  Let 
(2.2.17)  t = (1/A1)  log  (9). 

We  also  call  t the  "critical  point"  in  the  continuous  time  model.  Then 
"p  > i^P^"  in  the  discrete  time  case  is  equivalent  to  "T  > t"  in  the 


35 


continuous  time  case.  We  assume  that  T > t from  now  on.  (We  discuss 

the  case  of  T £ t later.) 

* ( p ) th 

Note  that  is  the  passage  flow  during  the  i period  of  length 

of  T/p.  Let 

(2.2.18)  f*(t)  = pli^  / (T/p)  with  i = [ t p/T  ], 


where  | z | denotes  the  smallest  integer  greater  than  or  equal  to  z. 
Then  f*(t)  is  the  optimal  passage  rate  function  at  time  t.  It  is  shown 
in  Appendix  B that 


(2.2.19) 


where 


f*(t) 


r B1  exp{-A2  (T-t)}, 
Bj[  exp{A1  (T-t) } , 


for  0 < t < T - t, 
for  T - t < t < T, 


(2.2.20) 


(A-/A  + 1) 

r = e 2 1 


Similarly  it  is  shown  in  Appendix  B that 

*(v>) 

(2.2.21)  pli^  y.lp;  = B2/A2  - r (B1/A2)  exp(-A2  T) . 


We  now  get  the  limits  associated  with  the  dual  problem.  Let 


(2.2.22)  gj(t)  wi  i = |"  t p/T  "|  , for  i = 1,  2. 


Obviously, 

(2.2.23)  g*(t)  =0,  for  0 S t < T - t, 

(2.2.24)  g*(t)  =0,  for  T - t < t < T. 


It  is  shown  in  Appendix  B that 


(2.2.25) 

(2.2.26) 

Let 


g^(t)  = Y exp{-A2  T}  exp{-A1  (T-t)},  for  T-t  <t  ^ T, 
g*(t)  = exp{-A2  t},  for  0 ^ t ^ T-t. 


g*(t)  = max  {g*(t),  g*(t)},  forO^t^T. 


(2.2.27) 
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It  is  evident  that  g*(t)  = li^w* ^ , for  i = ["  t T/p  ]. 

It  is  instructive  to  note  that  g*(t)  has  the  same  interpretation 
as  w^*.  Figure  2.8  shows  typical  shapes  of  f*(t)  and  g*(t).-  In  closing 
the  limit  analysis,  we  note  that  f*(t)-g*(t)  is  constant  and  equal  to 
r B exp{-A2  T},  for  0 < t < T. 

In  the  rest  of  this  section  we  shall  establish  a continuous  time 
model  of  capacity  function  and  then  show  that  the  limiting  solutions  f* 
and  g*  are  optimal  to  this  model.  We  let  f(t),  0 £ t :£  T,  denote  a 


passage  rate  function,  an  integrable  function  for  which 


0 


f (s)ds 


denotes  the  number  of  people  passing  from  the  first  part  to  the  second 

PT 

part  of  a walkway  in  the  period  [0,t].  Then  f(s)ds  is  the  number  of 
people  who  still  remain  in  the  first  part  at  time  t.  We  can  now  state 
the  continuous  time  counterpart,  denoted  (CP),  of  the  discrete  time 
primal  problem: 


(2.2.28) 

(2.2.29) 

(2.2.30) 

(2.2.31) 


maximize 
subject  to 
f(t)  - Ax 

f(t)  + a2 
f(t)  > 0, 


rx 

o 


f (s)  ds 

£ f(s)  ds  < Br  0 < t < T, 

Tt  f(s)  ds  < B , 0 ^ t < T, 

0 £ t £ T. 


Among  all  integrable  functions  f with  domain  [0,T]  which  satisfy  the 
constraints  (2.2.2 9)  - (2.2.31),  we  wish  to  find  one  which  maximizes  the 
objective  function  (2.2.28).  We  remark  that  (2.2.29)  and  (2.2.30)  are 
the  capacity  constraints,  and  are  analogous  to  (2.2.1). 

By  analogy  with  linear  programming,  we  have  the  following  "dual" 
problem  [44],  denoted  by  (CD),  which  is  the  continuous-time  counterpart 
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f*(t) 


(b)  g*(t) 


Figure  2.8  f*(t)  and  g*(t) 


of  the  discrete- time  dual  problem: 
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(2.2.32)  minimize 


g1 (r)dr  + B 


subject  to 


(2.2.33)  gx(t)  + g2(t)  - A 


ft 


g1 (r)  dr  + A 


ft 


g_(r)  dr  > 1,  0 < t <T, 


1 0 S1 


(2.2.34)  g1(t),  g2(t)  20,  0 S t S T. 

As  with  (CP),  we  wish  to  find  a feasible  integrable  function  minimizing 
the  objective  function  (2.2.32). 

In  order  to  prove  that  f*(t)  and  g*(t)  are  optimal  functionals  to 
(CP)  and  (CD)  respectively,  we  need  the  following  weak  duality  theorem. 

Theorem  2.4  (Weak  Duality  Theorem) 

Suppose  we  have  feasible  solutions  f and  g to  (CP)  and  (CD) 
respectively.  Then  it  is  true  that 


Further  (complementary  slackness),  if 


(2.2.36)  g1(t)[f(t)  - A:  Tt  f (s)ds  - B^]  = 0,  0 S t S T, 


(2.2.37)  g2(t)[f(t)  + A2  t f(s)ds  - B2J  = 0,  0 S t < T,  and 


g_ ( r) dr  - 1]  = 0, 


0 S t < T, 


then  (2.2.35)  holds  as  an  equality,  and  f and  g are  optimal  to 
(CP)  and  (CD)  respectively. 


Proof:  From  the  feasibility  of  f and  nonnegativity  of  g^  and  g we 

have 


gx(t)  f(t)  - A1  gx(t)  Tt  f ( s ) ds  < B1  g1(t),  0 < t < T, 


g2(t)  f(t)  + g2(t)  ^ f(s)  ds  < B2  g2(t),  0 < t S T. 
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Hence  adding  the  inequalities  and  integrating,  we  get 


(2.2.39) 


0 [g1(t)  + g2(t)]  f(t)  dt  - Ax 


rT 


t g1(t)  f ( s ) dsdt 


+ A, 


^ g2(t)  f(s)  dsdt  ^ B1 


FT 


0 &1(t)  dt  + B2 


g2(t)  dt. 


From  the  feasibility  of  g.^  and  g and  nonnegativity  of  f,  we  have 


f(t)[g1(t)  + g2(t)]  - Ax  f(t) 
't 


0 g1(r)  dr 


+ a2  f(t) 


0 g2(r)  dr  > f(t) , 0 < t < T. 


Hence,  on  integrating,  we  get 

FT 


(2.2.40) 


0 [g1(t)  + g2(t)]  f(t)  dt  - A1 


rt 


f(t)  g1(r)  drdt 


+ A, 


f(fc)  s2  drdt  - 


f(t)  dt. 


Since 


^0  f(fc)  Sj (t)  drdt 


r f(t)g.  (t)  dtdr , j = 1,  2,  the  left 


sides  of  (2.2.39)  and  (2.2.40)  are  identical.  Thus  we  get 


(2.2.41) 


0 f(s)ds  < B1 


0 gx(r)dr  + B2 


'T 

0 g2(r)dr. 


If  (2.2.36)  - (2.2.38)  hold,  then  (2.2.39)  and  (2.2.40)  hold  as 
equalities,  so  that  (2.2.41)  holds  as  an  equality.  The  remainder  of  the 
proof  now  follows  readily.  Q.E.D. 

We  now  show  that  f*(t)  and  g*(t)  are  feasible  to  (CP)  and  (CD) 
respectively  and  satisfy  the  weak  duality  theorem  and  thus  are  optimal 
to  (CP)  and  (CD)  respectively. 


Theorem  2.5 

Let  f*(t)  and  g*(t)  be  defined  as  in  (2.2.19)  and  (2.2.27) 
respectively.  Then  f*(t)  and  g*(t)  are  optimal  to  (CP)  and  (CD) 
respectively. 

Proof:  (1)  Feasibility  of  f*(t):  Evidently  (2.2.31)  is  satisfied.  We 

now  check  (2.2.29)  and  (2.2.30). 


For  0 £ t * T - t 


f*(t)  - A. 


FT 


t f*(s)  ds  = f*(t)  - 


fT-t  . , 

g (s)  ds  - A. 
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^ . f*(s)  ds 
T-t 


-Ap(T-t) 

= Y B e 2 -A 


rT-t  -A_ (T-s) 

t r B1  e 2 ds  - A1 


rT 


- B,  e 


A1 (T-s) 


ds 


T-t 


= Y B1(l  + A1/A2)  e 
So,  to  show  (2.2.29),  we  need  to  verify 


A2(t  fc)_  (1  + a1/a2)  bx  9 + Br 


“A^ (T-t) 


< (i  + ax/a2)  B1  e, 


r bx(i  + a1/a2)  e 2 

or  equivalently, 

~Ap (T-t) 
r e 2 ^ 0. 

o.  ~Ap (T-t) 

Since  e is  a strictly  increasing  function  of  t, 


r e 


“A0 (T-t) 


-A  (T-(T-t))  -Apt 

^ Y e 2 = r e 2 , for  0 < t ^ T - t, 


where  the  equality  holds  only  at  t = T - t. 

But  by  the  definition  of  Y and  t,  (2.2.20)  and  (2.2.17)  respectively,  we 
get 

-A_t 

he  2 =9. 

Thus  (2.2.29)  holds  as  a strict  inequality  for  0 £ t < T - t and  as  an 
equality  for  t = T - t. 

On  the  other  hand, 


f*(t)  + A, 


f*(s)  ds  = f*(t)  + A, 


f*(s)  ds  + A2 


^ - f*(s)  ds 
T-t 


-Ap(T-t) 

= r B1  e 2 + A2 


rT-t  -A- (T-s) 

t r B^  e 2 ds  + A2 


rT  A. (T-s) 

. B.  e 1 ds 
T-t 


-A- (T-t)  -A_ (T-t) 

= Y B1  e 2 + [B1  0 - r B:  e 2 

= B2  ’ 


] - A2  B1  (1  - 0)/Ax 


Thus,  (2. 2. 30)  holds  as  an  equality. 
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For  T - t < t S T 


f*(t)  - A. 


f*(s)  ds  = B 


A1 (T-t) 

3 1 - A. 


rT  A. (T-s) 
t Bi  e 1 ds 


= B 


1* 


Thus  (2.2.29)  holds  as  an  equality. 

On  the  other  hand,  the  left  side  of  (2.2.30)  can  be  simplified  as 
follows: 


f*(t)  + a2 


rT 

t f*(s) 


ds  = B^ 


A1 (T-t) 
e x 


+ A, 


'T  A. (T-s) 
t Bi  e ds 


A. (T-t) 

= (1  + A2/A1)  Bx  e 1 - (A2/A1)  Br 

To  show  (2. 2. 30),  it  suffices  to  show 


(1  + A2/A1)  B1  e 1 


A, (T-t) 


< (a2/ax)  b1  * b2, 


or  equivalently, 

A (T-t) 

e 1 < [ (A2/A1)  B1  + B2]  / [(1  + A2/A1)  B1]  = 9. 

At (T-t) 

Since  e 1 is  a strictly  decreasing  function  of  t, 

A (T-t)  A. (T- (T-t) ) At 
e1  <e1  =e1=6  for  t > T -t. 

Thus  (2.2. 30)  holds  as  a strict  inequality. 

(2)  Feasibility  of  g*(t)  and  g*(t):  Evidently  (2.2.34)  is  satisfied. 

We  now  check  (2.2.33)* 

For  0 £ t S T - t 


gx(t)  + g2(t)  - A1 


0 g1(r)  dr  + A2 


= e 


-A_t 

2 + A, 


ft  -A_r 


dr  = 1 . 


't 

j 0 


# 

g2(r)  dr 


Thus  (2.2.33)  holds  as  an  equality. 
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For  T - t < t £ T 


gx(t)  + g2(t)  - A1 


rt  * 

0 g1(r)  dr  + A2 


0 S2(r)  dr 


-A_T  -A. (T-t) 


= Y e ^ e 1 


t -AT  -A. (T-r 

.Ye 

T-t 


Ye  ^ e 1 dr  + A, 


[T-t  -A_r 


dr 


-A_T  -A. (T-t)  -A0T  -A. (T-t)  -AT  -A  t 


= Y e 2 e 1 


- [T  e ^ e 1 


- Y e ^ e 1 ] 


-A, (T-t) 

+ [1  - e 2 ] = 1. 


Thus  (2.2.33)  holds  as  an  equality. 

Hence  we  have  proved  that  f*(t)  and  g*(t)  are  feasible  to  (CP)  and 
(CD)  respectively.  From  the  above  analysis  and  the  definition  of  g*(t) 
and  g2(t),  it  is  easily  verified  that  the  complementary  slackness 
conditions,  (2.2. 36)  - (2.2.28),  are  satisfied. 

By  the  Weak  Duality  Theorem,  the  proof  that  f*(t)  and  g*(t)  are 
optimal  to  (CP)  and  (CD)  respectively  is  now  complete.  Q.E.D. 


Also  it  can  be  shown  that  the  value  of  (2.2.28)  is  equal  to 
pli?,  as  in  (2.2.21). 

In  order  to  complete  the  analysis,  we  will  discuss  the  case  of  T 2 
t briefly.  In  this  case,  -a^P)y  + g^P)  is  redundant  in  the  limit  so 
that  the  optimal  functionals  f*(t)  and  g*(t)  turn  out  as  follows  [22]: 


(2.2.42) 

f*(t)  = Bx  exp{A^  (T- 

■t)},  0 < 

t < T, 

(2.2.43) 

g1*(t)  = exp{A1  t } , 

0 £ 

t < T, 

(2.2.44) 

O 

II 

-P 

* 

CXI 

bfi 

0 < 

t < T, 

(2.2.45) 

pii?„  y](p)  - (Bi/Ap 

[exp(A1T)  - 

■ 1]  • 

Combining  (2.2.21)  and  (2.2.45),  the  results  of  two  cases,  we  get 

* ( n ) 

a general  expression  of  lim  y^ 


as  a function  of  T: 
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(B1/A1)[exp(A1T)  - 1],  0 < T < t, 

B2/A2  - r (B1/A2)  exp(-A2  T),  T > t. 

In  conclusion,  we  presented  some  assumptions  on  the  capacity 
functions  which  capture  the  dependence  of  the  flows  on  congestion.  We 
also  investigated  the  effect  of  the  discretization  of  the  time 
parameter.  Comparing  the  shapes  of  optimal  flow  patterns  shown  in 
Figure  2.7  and  Figure  2.8,  we  can  say  that  the  "shape"  of  the  optimal 
solutions  is  essentially  independent  of  the  length  of  a time  period. 

The  flows  in  both  cases  result  in  a "caret"  shaped  graph.  In  this 
sense,  the  optimal  flow  patterns  are  robust. 

Recalling  that  our  modeling  is  for  a single  passageway,  the 
resulting  models,  particularly  the  more  realistic  continuous- time 
models,  become  surprisingly  complicated  for  more  complex  structures.  As 
is  well  known,  there  is  a trade-off  between  model  tractability  and  model 
realism.  In  general,  the  more  realistic  the  model  is,  the  less 
tractable  it  becomes.  For  these  reasons,  we  adopt  the  discrete  time 
model  in  the  following  chapters.  We  shall  see  that  the  assumptions 
about  the  capacity  functions  made  in  this  chapter  (i.e.,  (Al),  (A2) , and 
(A3))  turn  out  to  be  useful  in  later  modeling. 


jiiy. 


(p) 


CHAPTER  3 


ANALYSIS  OF  TREE-STRUCTURED  BUILDINGS 

In  this  chapter,  we  will  study  optimal  flow  patterns  for  some 
specially  structured  buildings  (the  buildings  for  which  the  static 
network  G = (V,E)  represents  the  architectural  structure  have  a special 
structure) . For  example,  consider  an  M-floor  building  where  each  floor 
is  represented  as  a single  node  (by  aggregating  the  building  components 
on  that  floor)  and  only  allowing  descent  from  floor  k to  floor  k-1  for  k 
= M,  ...,  2.  The  only  exit  of  the  building  to  the  outside  is  at  the 
first  floor.  Figure  3-1  shows  such  an  aggregated  building  and  its 
corresponding  static  network.  In  this  case,  the  static  network  is 
called  a path-structured  network.  As  an  extension  of  the  path- 
structured  network,  a building  may  be  represented  as  a convergent  tree 
where  each  node  has  only  one  outgoing  arc  and  each  arc  is  directed 
towards  the  single  exit  to  the  outside.  Figure  3-2  illustrates  such  a 
case.  Also,  in  the  case  where  a building  consists  of  several  identical 
parts,  say  wings,  and  the  distribution  of  occupants  over  the  wings  is 
symmetric,  we  can  decompose  the  building  into  wings  and  model  the 
evacuation  problem  in  one  wing.  Sometimes  a wing  may  have  a convergent 
tree  structure  or  a path  structure,  depending  upon  the  degree  of 
aggregation. 

If  the  capacity  functions  can  be  assumed  to  be  nondecreasing  in 
addition  to  the  assumptions  (Al) , (A2) , and  (A3),  then  we  will  provide 
"greedy"  algorithms  for  obtaining  optimum  solutions  to  (P  ) in  the  case 
of  a convergent  tree-structured  building  (and  thus  for  path-structured 


kk 


(a) 


(b) 


Figure  3-1  An  M-story  building  which  has  a path-structured 
network  representation 


Figure  3-2  A building  which  has  a convergent  tree- 
structured  static  network  representation 
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buildings  as  a special  case).  We  remark  that  Pauls'  capacity  function 

discussed  in  Chapter  2 is  a nondecreasing  function.  In  Section  3.1.  we 

shall  see  that  if  there  is  a feasible  flow  to  (P  ) which  maximizes  the 

c 

total  number  of  people  evacuated  from  period  1 through  any  period,  then 
it  is  an  optimal  solution  for  (P  ) . We  will  show,  under  the  assumptions 
mentioned  above,  that  there  always  exists  such  a flow.  We  will  develop 
special  algorithms  for  providing  optimal  solutions  to  (Pc)  in  such 
cases.  We  deal  with  the  case  of  a path-structured  building  in  Section 
3-2  and  Section  3-4,  and  then  the  case  of  a convergent  tree-structured 
building  in  Section  3- 3-  In  Section  3-5.  we  will  develop  an  efficient 
algorithm  for  computing  optimal  dual  multipliers.  In  Section  3.6,  we 
shall  see  that  if  some  assumptions  made  above  are  not  satisfied,  then 
the  proposed  algorithms  may  fail.  Such  cases  are  studied  further  in  the 
following  chapter.  We  remark  that  Sections  3.1  - 3.3  are  based  on  Choi 

et  al.  [17]. 


3 • 1 Earliest  Arrival  Flow 


In  this  section,  we  will  present  the  principal  theory  on  which  the 

later  sections  are  based.  We  adopt  the  notation  defined  in  Chapter  1. 

Let  FS  be  the  set  of  the  feasible  solutions  to  (P  ) . For  a 

c 

solution  X € FS,  we  define  D(X)  by  the  vector  (z^,  z^,  ...,  z ) , where 

z,-  = .•  £ x^.D)  , i = 1 p, 

(v\D)  € E 

denotes  the  number  of  people  exiting  the  building  at  time  i. 

For  a given  integer  q,  we  define  a partial  ordering  >•  as  follows: 
For  arbitrary  vectors  b and  c such  that  b = (b^,  ...,  b ) and 
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i i 

b > c iff  Z b . 2 Z c.  for  every  i = 1,  q. 

q j-1  J j=l  J 


When  the  context  is  clear, 
a total  ordering. 


we  write  >■  instead  of  >■  . 

q 


* 


Obviously  >•  is  not 


We  call  a feasible  flow  X an  earliest  arrival  flow  (EAF)  if 

* 

D(X  ) > D(X)  for  any  feasible  flow  X.  Namely,  if  a flow  is  an  EAF, 

P 

then  it  maximizes  the  total  number  of  people  who  can  be  evacuated  from 
period  1 through  "any"  period  i,  i £ 1. 


Lemma  8 • 1 [12,  36] 

If  an  EAF  exists  in  FS,  then  it  is  an  optimum  solution  to  (P  ). 

Proof:  Let  X be  an  EAF  and  D(X  ) = (z^,  z 2* zp*)  . Let  X be  an 

arbitrary  feasible  flow  in  FS  and  D(X)  = (z^,  z2 z ) . 

Using  summation  by  parts,  we  have 


P p-1 

2 i.z  * = z [i-(i+l)](z*  + ...  + z.*)  + p (z  * + ...  + z *) 

i=l  i=l  1 11  p 

p-1 

= £ (-1) (z  * + ...  + z.*)  + p (z  * + ...  + z *) . 

i=l  11  p 

Likewise , 


P P-1 

Z i-z  = Z (-l)(z  + ...  + z ) + p (z  + ...  + z ). 

i=l  i=l  1 11  p 

i i 

Since  Z z * > E z for  i = 1 , ....  p,  by  the  definition  of  EAF,  and 

j=l  J j=l  J 

P P 

Z z * = Z z = d(V)  by  (1.1.2),  the  conclusion  clearly  follows.  Q.E.D. 
j=l  J j=l  J 


In  general,  an  EAF  may  not  exist  since  ^ is  not  a total  ordering. 
In  what  follows,  we  will  see  that  under  some  assumptions  on  the  capacity 
functions  and  the  structure  of  the  static  network  of  the  building,  there 
exists  an  EAF  and  we  will  present  efficient  algorithms  for  obtaining  an 


EAF. 


49 


3.2  A Path-Structured  Building 


We  consider  an  M-story  building  where  each  floor  is  represented  by 
a single  node,  only  descent  to  the  immediate  floor  below  being  allowed, 
and  only  the  bottom  floor  having  an  exit  to  the  outside. 

We  define  the  following  notation: 
p:  planning  horizon  (a  positive  integer), 
d^:  initial  number  of  people  on  floor  k,  k = 1,  . . . , M, 
t,  : traversal  time  from  floor  k to  floor  k-1,  k = 1,  . . . , M, 
yki : flow  held  over  from  period  i-1  to  period  i on  floor  k, 


flow  departing  from  floor  k to  floor  k-1  at  time  i 
(arriving  at  floor  k-1  at  time  i+t^) , 
cki:  capacity  function  on  x^^  at  time  i at  floor  k. 

Figure  3-3  shows  an  example  of  a three-story  building.  The 
lattice  form  in  Figure  3-4  is  obtained  by  "skewing"  the  dynamic  network 
of  Figure  3-3-b,  to  make  the  exposition  easier. 

A model,  denoted  by  (Ppc) . for  minimizing  the  total  turnstile  cost 
in  a path-structured  building  can  be  given  as  follows: 


k = 1 M, 


(3-2.1) 


P 

minimize  £ i*x„ . 

• li 


subject  to 


(3.2.2) 


(3-2.3) 


(3-2.4) 


Xki ’ yki  ~ 0 ’ fork  = 1 M and  i = 1 , ....  p . 


(3-2.5) 
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(a)  Static  network 


(b)  Dynamic  network 


Figure  3-3  An  example  of  a three-story  building 
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Figure  3-4  Lattice  form  of  the  dynamic  network  in  Figure  3*3 


The  constraints  (3-2.2)  and  (3-2.3)  are  the  flow  conservation  equations 

in  the  dynamic  network.  The  constraints  (3-2.4)  are  the  capacity 

constraints  on  movement  arcs  in  the  dynamic  network.  We  note  here  that 

(PP  ) is  also  referred  to  as  a minimum  turnstile  cost  problem  in  this 
c 

section.  In  this  formulation  we  assume  that  the  holdover  arcs  have 
sufficiently  large  capacities  such  that  they  will  not  be  binding  in  the 
optimal  solution.  This  assumption  will  be  relaxed  later. 

We  assume  that  the  capacity  functions,  c^,  satisfy  all  the 
assumptions  made  before;  i.e.,  (A1),(A2),  and  (A3).  Due  to  (3-2.2), 
(3-2.4),  and  (3-2.5),  we  can  rewrite  (3-2.4)  as 

xki  ^ m^n  ^yki  + Xk+l,i-tk+l’  Cki^yki  + Xk+1 , i-tk+1 ^ ’ 
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Let  rki(y)  = min  (y.  cki(y)}  and  ?kl(y)  = y - rki(y).  Then  rki(y)  = y - 

min  {y,  ck_.(y)}  = max  {0,  y - cki(y)}  = max  {0,  cki(y)}.  Hence  if 
cki(y)  > 0,  then  rk.(y)  = ck±(y)  and  otherwise  ?k  (y)  =0.  So,  from 
Theorem  2.1,  ?k^(y)  = r has  a unique  positive  solution  if  r > 0.  And 
from  Corollary  2.2,  Tk_^(y)  = 0,  y 2 0,  has  a closed  interval  solution 
[0,z]  for  some  z > 0. 

For  expository  simplicity  later,  we  redefine  the  capacity  function 
by 

(3.2.6)  cki(y)  = min  ^y’  cki(y)}*  for  a11  y - °. 

as  illustrated  in  Figure  3 • 5 • Then  the  corresponding  adjustments  in  the 

assumptions  on  the  newly  defined  c,  . are  as  follows: 

ki 

(Al*)  cki  is  continuous  on  [0,®). 

(A2')  cki(y)  2 0 for  all  y 2 0 and  cki(0)  = 0. 

(A3')  The  complement  function  ck±(y)  = y - cki(y)  has  the  property 

that  cki(y)  = r,  y 2 0,  has  a unique  positive  solution  if  r > 0, 
and  closed  interval  solution  [0,z]  for  some  z > 0 if  r = 0. 

Or  equivalently,  ck  (y)  = 0 for  y 6 [0,z]  with  some  z > 0 
and  cki(y)  is  strictly  increasing  for  y > z. 

By  Lemma  3.1,  if  an  EAF  exists  in  (PP  ) , then  any  algorithm  which 

provides  an  EAF  solves  the  minimum  turnstile  cost  problem.  In  the 

remainder  of  this  section,  we  will  show  that  if  each  capacity  function 

is  nondecreasing,  then  there  exists  an  EAF  in  (PP  ). 

c 

Consider  the  flows  involving  a floor  k,  H k ^ M,  as  illustrated 
in  Figure  3-6.  Here,  W = (w^,  ...,  w ) indicates  the  flows  incoming 
from  floor  k+1  to  floor  k at  time  period  1,  ...,  q,  X = (x^,  ...,  x ) 
indicates  the  flows  outgoing  to  floor  k-1  from  floor  k at  time  period  1, 


53 


(y) 

i j 


c (y) 
i j 


Figure  3-5  Redefinition  of  the  capacity  function 
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w 


w 


w w 

q-1  q 


Figure  3 • 6 Flows  involving  a floor 


2,  ....  q,  and  d indicates  the  initial  number  of  people  at  floor  k. 
consider  the  following  problem,  denoted  by  (Q(W,d)): 

For  a given  W = (w^  w w ) and  d 2 0, 

* * # 

find  (X  ,Y  ) such  that  X > X for  every  (X.Y)  where 


* 

(X  ,Y  ) and  (X.Y)  satisfy 


(3-2.7) 

(3.2.8) 

(3.2.9) 

(3.2.10) 


yi  = yi-i  + Wi-1  ■ xi-r  1 = 2 q- 

y1  = d, 

xi  - ci(yi  + w±) , i = 1 q,  and 

xi>  yi  2 0,  i = !,  . . . , q. 


We 


In  what  follows,  we  assume  that  q is  large  enough  so  that  (Q(W,d))  has  a 
feasible  solution.  We  present  an  algorithm  for  solving  (Q(W,d)). 


Algorithm  FLOOR 
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BEGIN 

(3-2.11)  yx*  = d. 

(3.2.12)  x1*  = c1(y1*  + wx). 

FOR  i = 2 TO  q DO 

(3.2.13)  y^  = yJ.j  * Vl  - x*_r 

(3-2.14)  x.*  = c.(y.*  + w.). 

l i i i 

ENDFOR 

END. 


Lemma  3-2 

Suppose  that  every  c , i = 1 q,  in  (Q(W,d))  satisfies  the 

& * 

assumptions  ( A1 * ) , (A 2'),  and  (A3').  Then  (X  ,Y  ) obtained  by  the 
algorithm  FLOOR  is  a solution  to  (Q(W,d)). 

Proof:  It  is  obvious  that  (X  ,Y  ) satisfies  (3.2.7)  - (3.2.10).  Let 

(X,Y)  be  an  arbitrary  flow  satisfying  (3.2.7)  - (3.2.10).  We  first  show 

* 

that  Y £ Y.  We  have 


yl*  = = d- 

Suppose  y.*  £ y.  for  j = 1,  2,  ....  i.  Then 
J J 

(3-2.15)  yi*  + wi  “ y±  + wi* 

By  (3-2.12)  - (3-2.14)  we  have 

yi+1  = y±*  + wi  - x±*  = y±*  + - c^y..*  + w±),  or 

(3-2.16)  yi+1  = ^(y..*  + w±). 

Moreover,  since  (X,Y)  satisfies  (3-2.7). 


y . . = y . + 
°i  + l Ji 

W . 
1 

- X., 

f rom 

which  we 

get  by  using 

X . 
1 

^ c± (y±  * w±) , 

(3-2. 

.17) 

y • . = y . + 

°i+l  Ji 

w . 
1 

- X . 2 y . + w . 

1 1 1 
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By  (3.2.15),  (3-2.16),  (3.2.17)  and  the  assumption  (A3'),  we  get 


i+1  1-1 

Thus  by  induction,  we  have 


c. (y  * + w. ) S c. (y.  + w. 


11 


y- 


(3-2.18) 


* < 


1 1 

By  flow  conservation. 


^ y • , i = 1 q • 


* 

yi+l 

1 1 

= v*  + Ew.-Ex.*, 
1 J-l  J j=l  •> 

yi+l 

i i 

1 j-i  J j-i  J 

Since  y * = y = d. 

with  (3.2.18)  we  get 

i 

(3.2.19)  z X * 

j=l  J 

i 

2 Ex  i = 1 , . . 

j=l  J 

q 

(3.2.20)  E x .* 

j=l  ■1 

q 

= Ex.  = d. 

j = l J 

* 

Thus  we  get  X > X 

from  (3.2.19)  and  (3 

i+1' 


i = 1, 


q-1,  and 


q-1,  and 


q-1. 


* * 

Let  (X  (W) ,Y  (W))  denote  the  solution  to  (Q(W,d))  given  by  the 

algorithm  FLOOR.  Next  we  show  that  the  better  W is  in  the  sense  of  >, 

* 

the  better  X (W)  is  in  the  sense  of  J>.  However,  in  order  to  prove  this 
result,  we  need  an  additional  assumption  on  the  capacity  function: 

(A4*  ) c^  is  a nondecreasing  function,  i = 1,  . . . , q. 

(We  give  a counter-example  in  Section  3-6  when  this  assumption  is 
omitted. ) 


Lemma  3 • 3 

Suppose  every  c^ , i = 1,  q,  satisfies  the  assumptions  (Al’), 

(A2 ' ) , (A3’),  and  (AV).  Then  W(1)  > W(2)  implies  that  X*(W(1)) 

* 12) 

X (W'  ;). 

Proof:  Let  X^  ',  Y^n^  denote  X (W^n^),  Y (W^n^)  respectively  for  n = 

1,  2.  Also  let  x|n^  y|n|  and  w|n^  denote  the  i^  component  of  X (W^), 
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Y (W(n)),  and  respectively  for  n = 1,  2. 

Consider  the  flow  (X^,  Y^,  W^)  where 

# (2) 

x . = x : , 
i i 

wi  = 

yf  = d + E w!1*-  E x(.2!  for  i = 1,  . . . , q. 
j=l  J j=l  J 

^ ^ ^ 

Notice  that  (X  , Y , W ) is  defined  in  such  a way  that  it  is  a 
conserving  flow  with  inputs  d,  and  output  X^.  Moreover, 


(3-2.21) 


i-1 


£ + w|1)=  d + E w<1}-  E x[2]  i = 1,  ....  q. 


j=l  J j=l  J 

and  by  the  conservation  of  flow  for  (X^  , Y^  , W^), 


(3-2.22) 


i-1 


yj2)+  w<2>  = d + E w<2>  - V x(.2!  i = 1, 


(1)  (2) 

Since  Wv  ' > Wv  , we  have 


j = l 


j=l 


E wj1}  > E w|2),  i = 1 q. 

j=l  J j=l  J 


(3.2.23) 

Thus  from  (3-2.21)  - (3.2.23),  we  get 


(3-2.24) 


'i  + wiX)  " yi2)  + wi2)’  1 = 1 q- 


Thus,  the  monotonicity  of  the  capacity  functions  (Assumption  (A4’))  and 

(2)  * (2) 

the  definition  of  X'  ( = X (Wv  ' ) ) in  the  algorithm  FLOOR  yield 


(3-2.25) 


Xi  = xi2)  = ci(yi2)  + w±2))  - ci{yi  + wi  ) 


# # # # 

Hence  (X  , Y , W ) is  a feasible  flow  to  (Q(W  ,d))  and  Lemma  3-2  yields 

X(1)  > X#  = X(2) , 

as  claimed.  Q.E.D. 


By  iteratively  using  Lemma  3.2  and  Lemma  3.3  and  starting  at  the 


top  floor  with  W = 0,  we  can  get  an  EAF  to  (PP  ) . The  following 
algorithm  obtains  an  EAF  in  a greedy  fashion  for  path-structured  static 


networks . 


Algorithm  PATH 
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BEGIN 

FOR  k = M DOWNTO  1 DO 
BEGIN 

Given  the  flow  on  the  movement  arc  from  floor  k+1  to  floor  k for 
each  time  period,  use  the  algorithm  FLOOR  to  compute  the  flows 
outgoing  from  floor  k to  floor  k-1. 

END 

END. 

Note  that  in  the  algorithm  PATH  the  flow  from  (an  imaginary)  floor  M+l 
to  M is  assumed  to  be  zero  for  each  time  period.  Applying  an  inductive 
argument,  we  can  establish  the  following  theorem. 

Theorem  3-^ 

The  algorithm  PATH  produces  an  EAF  to  (PP  ) . 

* * 

Proof:  Let  (X  ,Y  ) be  the  flow  provided  by  the  algorithm  PATH,  and 

* * 

(X k .Y^  ) be  the  flow  associated  with  floor  k in  (X  ,Y  ) for  k = 1 

M.  Let  (X, Y)  be  an  arbitrary  flow  feasible  to  (PP  ) and  (X  ,Y  ) be  the 

C K K 

flow  associated  with  floor  k in  (X,Y)  for  k = 1,  ....  M.  By  Lemma  3.2, 

* * 

XM  > XM>  Suppose  that  for  some  k,  2 2 k 2 M,  \ Then  by  Lemma 

* * 

3.2  and  Lemma  3-3.  we  get  X.  . >■  X . Thus  we  have  proved  that  X.  > X, 

k-1  k-1  k k 

* 

for  every  k = 1,  . . . , M.  Since  X^  > X^  for  every  (X,Y)  feasible  to 

(PPc),  it  now  follows  that  (X  ,Y  ) is  an  EAF.  Q.E.D. 

Then  by  Lemma  3-1.  the  solution  which  the  algorithm  PATH  produces 

is  an  optimum  solution  to  (PP  ) . 

c 

Corollary  3-5 

The  algorithm  PATH  produces  an  optimum  solution  to  (PPc). 


59 


We  note  in  passing  that  the  optimum  solution  is  unique  if  all  the 
capacity  functions  are  strictly  increasing.  (In  the  proof  of  Lemma  3-3, 
if  (3.2.23)  holds  as  a strict  inequality  for  some  i,  then  (3-2.24)  and 
(3.2.25)  hold  as  strict  inequalities  as  well.) 

Finally,  we  discuss  the  order  results  for  the  algorithm  PATH. 

Under  the  assumption  that  (PP  ) is  feasible  for  the  given  time  horizon 
p,  we  can  set  q ^ p safely  for  the  problem  (Q(W,d))  for  each  floor  k = 

M,  ...,  1.  Given  q,  (Q(W,d))  can  be  solved  by  the  algorithm  FLOOR  in 
0(q)  time.  The  algorithm  PATH  needs  the  algorithm  FLOOR  M times.  Hence 
the  algorithm  PATH  takes  at  most  0(M*p)  time. 

3 . 3 A Tree-Structured  Building 

In  this  section  we  will  analyze  convergent  tree-structured  static 
networks  (all  arcs  are  directed  towards  the  root  node)  which  have  a 
single  exit  to  the  outside.  We  denote  the  minimum  turnstile  cost 
problem  in  a convergent  tree  by  (TP  ) . Note  that  in  such  a tree  each 
node  v f V has  only  one  outgoing  arc  in  G.  It  is  this  property  of  G 
which  allows  us  to  provide  a simple  algorithm  for  solving  (TP  ) . In 
what  follows  we  assume  that  all  capacity  functions  satisfy  assumptions 
(Al')  - (A4' ) . 

Given  an  acylic  directed  graph  G = (V,E) , we  define  a topological 
ordering  by  a sequence  of  nodes  in  V such  that  v_^  precedes  v . if 
(v_^,Vj)  € E.  We  assume  that  a topological  ordering  is  given  in  our 
convergent  tree  network.  Let  M = |V| . Without  loss  of  generality,  we 
assume  that  the  nodes  in  V are  numbered  topologically  as  M,  M-l,  ...,  2, 
1;  i.e.,  if  (i,j)  6 E,  then  i > j.  Then  (TP  ) is  stated  as  follows: 
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(3-3.1) 


p 

minimize  E i*x. . 

• li 


subject  to 


(3-3-2) 


(3-3-3) 


(3-3-4) 


(3-3-5) 


xki • yki  - 0.  for  k = 1 M and  i = 1,  p. 


The  following  is  a greedy  algorithm  for  solving  (TP  ) on 


convergent  tree-structured  networks. 

Algorithm  TREE 

INPUT:  the  static  network  G = (V,E),  initial  content  d^  of  each 

component  v i V,  and  capacity  functions  satisfying  (Al')  - 

(A4-). 

OUTPUT:  an  earliest  arrival  flow  for  (TP  ) 

c 

BEGIN 

FOR  k = M D0WNT0  1 DO 
BEGIN 

Replace  w.  with  E x.  . , the  sum  of  the  flows  on  the 

1 j>k 

movement  arcs  from  static  nodes  M,  M-l,  ....  k+1  to  node  k for 
each  time  period.  Then  use  the  algorithm  FLOOR  to  obtain  the 
flows  for  the  outgoing  movement  arcs  and  holdover  arcs  at 
node  k. 


END 


ENDFOR 


END. 
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Theorem  3 • 6 

The  algorithm  TREE  produces  a minimum  turnstile  cost  flow  for 

(TPC) • 

Proof:  All  arguments  in  Lemmas  3-2  and  3-3  as  well  as  Theorem  3-^ 

remain  valid  by  combining  all  the  incoming  movement  arcs  into  a node  in 
the  dynamic  network  by  a single  arc.  Q.E.D. 

By  the  same  reason  as  in  the  case  of  path-structured  building  in 
Section  3-2,  the  algorithm  TREE  takes  at  most  0 ( | V | - p ) time. 

3-4  Constant  Holdover  Capacities  Imposed  on  Static  Nodes 

So  far  we  have  assumed  that  holdover  arcs  have  infinite  upper 
bounds;  i.e.,  there  is  no  limit  on  the  number  of  people  that  any 
building  component  can  accommodate.  This  assumption  may  be  unrealistic. 

In  this  section,  we  discuss  the  case  when  capacities  are  imposed  on 
holdover  arcs  in  the  dynamic  network.  For  a path-structured  building  we 
propose  an  algorithm  for  getting  a minimum  turnstile  cost  flow. 
Unfortunately,  the  proposed  algorithm  cannot  be  applied  to  the  general 
case  of  a tree-structured  building,  as  we  shall  see  a counter-example 
later. 

We  assume  the  following: 

i)  the  building  is  a path-structured  M-story  building, 

ii)  each  capacity  function  for  a movement  arc  satisfies  (Al')  - (AV),  and 

iii)  floor  k has  a constant  holdover  capacity  u^  > 0,  k = 1,  . . . , M. 

t 

We  call  this  minimum  turnstile  cost  problem  (PP^).  Note  that  we  use  the 
modified  definition  of  a capacity  function;  i.e.,  c(y)  = min  {y,  c(y)}. 
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Under  these  assumptions,  we  shall  show  that  there  exists  an  EAF  and 
develop  an  algorithm  for  obtaining  an  EAF  in  (PP^').  Of  course,  an  EAF 
is  a minimum  turnstile  cost  flow,  as  shown  in  Lemma  3-1- 

Consider  the  lattice  form  of  a dynamic  network  in  Figure  3-7-a. 
Assuming  infinite  capacities  on  the  holdover  arcs,  we  study  how  the 
algorithm  PATH  produces  an  optimal  solution.  The  numbers  beside  the 
nodes  in  Figure  3*7 -b  indicate  the  sequence  of  computation  of  arc  flows 
in  the  algorithm  PATH.  For  example,  first  we  get  the  flows  of  arcs 
outgoing  from  the  node  numbered  1;  i.e.,  x^  and  y and  then  those 
from  the  node  numbered  2;  i.e.,  x^2  and  y^.  etc.  One  can  easily  check 
that  the  sequence  of  computations  shown  in  Figure  3-7-c  also  produces 
the  same  solution.  (We  notice  that  any  sequence  in  a topological 
ordering  in  the  dynamic  network  provides  the  same  solution.)  The 
algorithm  which  we  shall  develop  is  a variation  of  the  approach  shown  in 
Figure  3-7-c. 

Consider  the  following  problem,  denoted  by  (R(Y)): 


maximize  x^ 

subject 

to 

(3.4.1) 

yk  + 

Xk+1  xk  + wk’ 

(3-4.2) 

xk  * 

Ck(  yk  + xk+l 

(3.4.3) 

wk  * 

V 

(3-4.4) 

wk  2 

o, 

(3-4.5) 

Al 

X 

0,  k = 1,  . . . , r, 

where 

r is  a positive  integer,  xr+^ 

Y = (yr.  yr~i’  •••>  yx)  and  U = (u^,  u^,  ....  u^)  are  given 

vectors  such  that  0 £ Y ^ U. 
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(a) 


31 


32 


33 


0^0-^ 


21 


22 


23 


24 


(b) 


li 


12 


13 


14 


V V V Y V V 


15 


16 


x^ — xy — X3 


x^ — x> — x$ — x5 


xy — xy — 


M/  M/  V V V V 


(c) 


x^ — xx — X7 


11 


xy — x$ — x$ — so12 


xy — xy — xy — ^ — >6^ — >q13 


\1/  \1/  \1/  \1/  n]/ 


Figure  3-7  Sequence  of  computation 
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Figure  3-8  illustrates  the  underlying  graph  of  the  problem  (R(Y)),  which 
can  be  interpreted  as  a vertical  "column"  of  the  lattice  representation 


of  a dynamic  network.  For  example,  the  dynamic  network  in  Figure  3-7-c 

has  six  columns.  Here  Y = (y^,  ....  y^)  indicates  the  flows  held  over 

from  the  "left"  column  at  floor  k,  k = r,  ...,  1,  W = (w^ w^) 

indicates  the  flows  held  over  to  the  "right"  column  at  floor  k,  k = r, 

....  1,  and  X = (x  , . . . , x.  ) indicates  that  x,  is  the  movement  flow 
r 1 k 

from  floor  k to  floor  k-1  for  k = r,  ...,  1.  For  node  k (k  = 1,  ..., 

r) , u^  is  the  constant  capacity  of  the  holdover  arc  and  c^  is  the 

capacity  function  of  the  movement  arc.  The  constraint  (3-4.1)  is  the 

flow  conservation  equation  at  node  k and  the  constraints  (3-4.2)  and 

(3-4-3)  are  the  capacity  constraints  of  the  movement  arc  and  the 

holdover  arc  outgoing  from  node  k,  respectively. 

Consider  the  flows  on  the  arcs  incident  to  node  k,  k = 1,  ...,  r 

in  Figure  3-8.  Given  the  movement  flow  x.  , from  floor  k+1  and  the 

k+1 

holdover  flow  y^  from  the  previous  period,  we  wish  to  send  as  many 
people  as  possible  to  floor  k-1.  However  if  we  send  too  many  people  to 
floor  k-1,  then  floor  k-1  may  become  over-capacitated;  i.e.,  the 
holdover  capacity  constraint  (3-4.3)  for  floor  k-1  may  be  violated.  So 
we  compute  the  maximum  number  of  people  who  can  be  sent  to  floor  k-1 
without  violating  the  holdover  capacity  constraint  at  floor  k-1.  By 
(3-4.1)  and  (3-4.2),  we  get 

”k  2 yk  * xk.i  “ ck(yk  * Vi>  ■ 3k(yk  * xk.i>’ 

from  which  with  (3-4.3)  we  get 


(3-4.6) 


uk 2 ck(yk  * Vi1- 


We  define  c "'’(z)  by 

— 1 


c (z)  = max  {y  | c(y)  = z}  for  z ^ 0. 


w 


r 


w 

r-1 


w 

r-2 


Figure  3*8  The  underlying  graph  of  (R(Y)) 
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Note  that  c '*'(z)  is  well  defined  due  to  the  assumption  (A3'), 
we  can  reduce  (3-4.6)  to 

(3-4.7)  xk+1  < ck  1(uk)  - yk,  for  k = 1,  ....  r. 

If  we  define 

(3-4.8)  8k  = ck  1(uk)  - yk  for  k = 1 r,  and 

50  = "* 

then  (3-4.7)  can  be  given  as 

(3-4.9)  *k  ^ 5k-i’  for  k = 1>  •••*  r- 

Also  by  (3.4.2)  we  have 


x,  ^ c.  (y.  + x,  . ) . 
k k k k+1 


(3-4.10) 

Consequently  from  (3-4.9)  and  (3.4.10),  we  obtain 


Xk  s "in  {6k_1,  ck(yk  - Vl».  k = 1, 
We  note  that  all  the  5's  are  constants. 

We  now  present  an  algorthm  for  solving  (R(Y)). 


Algorithm  COLUMN 

Procedure  PUSH(k,xk+^) 
BEGIN 


Set  *k  ■ ck(yk  * xk.i>’ 


= y, 


+ x - x.  ( = c.  ( y,  + x,  , ) ) ; 
k+1  k ' kyjk  k+1 ' ' ’ 


END 


Procedure  PULL(k,€k) 
BEGIN 


Set  j = k; 

WHILE  € . > 0 DO 
J 


Then 


Set  x . 
J 


x . 
J 


IF  € . £ u . - w . THEN 
J J J 

Set  w . = w . + 6 . , 

J J J 

e . , =0; 

J+l 

ELSE 

Set  € . 1 = 6.  - (u.  - w . ) , 

J+1  J J J 

w.  = u . (=  w . + (u . - w . ) ); 
J J J J J 

END  IF 

Set  j = j + 1; 

END  WHILE 
END  (of  PULL) 

BEGIN 

Set  x = 0; 
r+1 

FOR  k = r DOWNTO  1 DO 
Push(k,xk+1) ; 

IF  xk  > 5k_1  THEN 

Set  (k  = xk  ' 5k-r 

Pull(k,fk); 

END  IF 
ENDFOR 
END. 
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We  explain  briefly  how  the  algorithm  COLUMN  works.  Suppose  we  are 

at  node  k.  Given  the  flows  x.,  w.  for  every  node  j > k,  we  push  the 

J J 

flow  xk  to  ck(yk  + xlc+^)  and  set  wk  to  be  the  remaining  amount  yk  + xk_^ 

- x initially  by  the  procedure  PUSH.  However  if  x,  = c,  (y,  + x,  „ ) > 
k k k k k+1 

6,  . , then  with  the  current  values  of  x,  and  w.  the  constraint  w,  „ ^ 

k k k-1 

uk-1  is  violated,  as  discussed  above.  Thus  we  adjust  the  flows  x and 

w.,  j ^ k by  pulling  back  flow  x.  and  changing  it  to  w . (if  w.  < u ) 

J J J J J 
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without  violating  (3-4.1)  - (3-4-5)  until  depleting  all  the  adjustment 

amount  = " 8^  ^ , as  shown  in  the  procedure  PULL.  In  this  case,  we 

define  such  that  the  WHILE  loop  is  executed  for  j = k,  J . Note 

i 

that  J,  = min  { i £ k j X,  (u.  - w.)  £ 6.  }.  We  also  note  that  in  the 

k J-k  J J k 

procedure  PULL,  since  the  value  of  x^  is  updated  as 

5k-i  <=  xk  • (k  ■ xk  ' <xk  - 5k-i>>- 


For  each  k,  k = r,  ...,  1,  in  the  FOR  loop  of  the  algorithm 


k 


COLUMN,  the  values  of  x.  and  w.,  j = r,  ....  k,  are  determined.  Let  x 

J J J 

and  w.  be  the  values  of  x.  and  w.  respectively,  for  j = r,  ....  k,  at 
J J J 

the  end  of  the  iteration  having  the  index  k in  the  FOR  loop.  (Notice 

that  the  first  iteration  is  indexed  r.)  For  k = 1,  2,  ....  r,  we  let 

X.  =(xi,  ....  x.1)  and  W = (wi,  ....  wf)  . 
k r k k r k 

Then  the  above  observation  can  be  summarized  into  Lemma  3-7  and  Lemma 
3-8  as  follows.  We  adopt  the  notational  convention  subsequently  that 
any  symbol  with  superscript  r+1  is  zero,  and  for  any  vector  its  first 
entry  is  the  entry  with  the  subscript  r rather  than  1,  for  example  Y = 
(yr*  yr_! yx).  w = (wr,  wr_1,  wx). 


Lemma  3-7 


k+1, 


In  the  algorithm  COLUMN,  suppose  that  c,  (y  + x , 7)  ^5.  . 

1C  K + 1 iC”x 


Then 


we  have 

(3-4.ll) 

and 

(3-4.12) 


k 

x . = , , . 

J k+1 

lx  . 

J 


, k+1. 

ck(yk  * Vi1' 


k 

w . = , , 

J I k+1 
I w . 

J 


- , k+1. 

ck(yk  * xk-i>’ 


for  j = k, 
for  j = k+1, 
for  j = k, 
for  j = k+1, 


r. 


r . 


Proof:  Evident. 
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Lemma  3-8 


k+1, 


In  the  algorithm  COLUMN,  suppose  that  c^(y^  + x^^)  > ^k-1'  Then 


we  have 

(3-4.13) 

(3-4.14) 

(3.4.15) 

and 

(3-4.16) 


k 

i . 

J 


k 
w . 
J 


= c 

k(yk  * 

k+l, 
x.  1 ) “ 
k+l 

6k-r 

J + 1 J 

, for  j = 

k. 

• • • * 

Jk> 

6k-r 

for  j 

= 

k, 

= < 

k+l 
x . 

J 

V 

for  j 

= 

k+l. 

....  Jk, 

k+l 

IXJ  * 

for  j 

= 

Jk+1 

, . . . , r. 

V 

for  j 

= 

k,  . 

• • > * 

= < 

k+l 

WJ  + 
Jk 

• 

Jk 

for  j 

= 

Jk* 

(Hk(yk 

k+l, 
+ x.  .) 
k+l' 

+ €k’ 

if  k = 

and  j 

k+l 
lwj  ’ 

for  j 

= 

Jk+1 

» • • • * • 

Proof:  Evident. 

We  give  an  example  to  explain  the  algorithm  COLUMN  and 
terminology. 


Example  3 • 1 

Figure  3-9-a  illustrates  an  example  of  (R(Y)),  where  r = 3,  Y = 
(y2»Y2,yi)  = (^6,  5,  4),  U = (u^,U2,u^)  = (30,  6,  4),  and  c^(y)  = c(y)  = 
min  {y,  0.5y  + 1}.  Then  c(z)  = z - c(z)  = max  {0,  0.5z  - 1},  as 


illustrated  in  Figure  3-9 -b.  By  inspection  in  Figure  3.9.b.,  we  get 
c 1(u1)  = 10,  c V2)  = 14,  and  c ^(u^)  = 62.  So,  we  obtain  (8^,82, 5. 
= (42,  9,  6).  We  apply  the  algorithm  COLUMN  to  this  example  problem. 


For  k = 3,  in  the  procedure  PUSH,  x^  = c^y^)  = H,  w^  = y^  - x^  = 

9.  Since  x^  = 11  > = 9 , we  apply  the  procedure  PULL  to  adjust  the 

flows  x^  and  w^  with  = 11  - 9 =2.  In  the  procedure  PULL,  we  adjust 

X3  = X3  - £3  = 11  - 2 = 9 and  = + = 9 + 2 = 11.  Thus  x^  = x^  = 

3 

9 and  w"  = w3  = 11,  which  is  illustrated  in  Figure  3-9-c.  Note  that 
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(a)  (R(Y) ) 


^ (Z) 


(b)  c(z) 


(c)  X W3 


(d)  X2,  W2 


(e)  Xr  Wx 


Figure  3-9  Illustration  of  the  algorithm  COLUMN 
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= 3 in  this  case. 

For  k = 2,  in  the  procedure  PUSH,  x 2 = c2(y2  + x^)  = c2(5  + 9)  = 

8.  w2  = y2  + x3  “ x2  = 6.  Since  x2  = 8 > 6^  = 6,  we  apply  the  procedure 

PULL.  In  the  procedure  PULL,  we  have  x^=x^-i^=8-6=2, 

^3=€2_  (u2-w2^  =2~  (6-6)  =2,  and  since  ?2  > (u2  - w2) , we 

adjust  w2  = w2  + (u2  - v#2)  = 6 + (6-6)  =6.  We  also  have  x^  = x^  - 

=9-2=1,  and  w^  = w^  + = 11  + 2 = 13 . So,  x2  = 6,  x^  = 7.  w2  = 

2 

6,  and  w^  = 13,  as  illustrated  in  Figure  3-9-d.  Here,  J2  = 3. 

For  k = 1,  in  the  procedure  PUSH,  x^  = c^(y^  + x2)  = c^(4  + 6)  = 

6,  and  w2  = y^  + x2  - x^  = 4 + 6 -6  = 4 . Since  x^  = 6 £ 8^  = ®,  we  do 

not  need  the  procedure  PULL.  Hence  = (x*.  x*.  xj-)  = (7,  6,  6)  and 
W:  = (w^,  w 1,  wj-)  = (13,  6,  4),  as  illustrated  in  Figure  4.9.e.  | 


We  now  show  that  the  flow  generated  by  the  algorithm  COLUMN 

possesses  some  special  properties,  as  shown  in  Lemma  3.9  and  Lemma  3.11. 

* * 

We  define  X (Y)  and  W (Y)  the  flows  determined  by  the  algorithm  COLUMN; 

* * 

namely,  X (Y)  = X^  and  W (Y)  = . 


Lemma  3-9 

* * 

Let  X (Y) , W (Y)  denote  the  flow  determined  by  the  algorithm 
COLUMN  and  X(Y),  W(Y)  be  any  feasible  flow  to  (R(Y)).  Then 

1)  X*(Y)  * X(Y) , and 

2)  W(Y)  > W*(Y) . 

Proof:  Let  Y,  0 £ Y £ U,  be  a given  vector.  Define  for  j = r 1, 

(3-4.17)  F = {(X  W )|  X = (x x ) and  W.  = (w  , ....  w. ) 

J JJjr  j jr  1 

satisfy  (3-4.1)  - (3-4.5)  and  (3-4.8)  for  k = r j }. 

(Though  (3.4.1)  - (3-4.5)  imply  (3-4.8)  in  F^ , (3-4.8)  will  be  useful  in 
the  proof  below.) 
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Let  P.,  j = r,  ....  1,  be  the  property  that 

(X.,W.)  6 F.  and  X.  2 X.  for  every  (X.,W.)  6 F.. 

J J J J J J J J 

* 

Note  that  if  is  true,  then  1)  holds  since  X (Y)  = X^ . We  shall  show 

by  induction  on  j that  P is  true  for  every  j = r 1.  We  first 

show  that  P^  is  true.  From  (3.4.11)  and  (3-4.15).  we  obtain 

= min  {Sr_^,  c^y^)}.  Since  w^  = y^  - x^  2 y^  < u , it  follows  that 
(Xr.Wr)  f Fr-  Since  x^  £ min  {8^,  cr(yr)}  for  any  (X^W^)  (.  F^,  we 


have  x 2 x . Hence  P is  true, 
r r r 

Now  suppose  that  P.  is  true  with  (X.,W .),  for  j = r, 

J J J 

show  that  P.  is  also  true  with  (X,  ,W,  ) . 

k v k k' 

Case  ck(yk  * xkll>  s \-i: 


(3.4.18) 


By  (3.4.11),  we  have 

k 


, k+1,  , _ 

c,  (y,  + x,  . ) ^ 5,  . . 

k k k+1  k-1 


k+1.  We 


By  the  induction  hypothesis,  we  have 


(3-4.19) 


(!WVi>  { Fk.r 


Thus  from  (3-4.8),  we  obtain  x}<+]‘  £8,  = c.  'L(u.  ) - y,  , or 

k+1  k k k k 


1 , 


k+1 

‘k+1 


+ y.,  2 c,/1(u,J. 


V 


and  then  by  the  definition  of  c,  1 and  (A3'), 

— / k+1  . ^ — , — -1  , . , 

ck(xk.i  * V s ck(  ck  <\»)  * 

which  by  (3.4.12)  can  be  given  as 
(3.4.20)  w£  £ uk. 

Hence  Lemma  3.7,  (3-4.18),  (3-4.19),  and  (3.4.20)  imply 


(3-4.21) 


<Xk.Wk)  t Fk. 


Let  (^-W^)  be  an  arbitrary  element  in  F^  such  that 


X,  = (x  , 

k r 


xk.l-  xk>  “d  wk  ” <V 


w. 


k+1’  "k' ’ 

and  let  Xk+1  and  W^+1  denote  the  subvectors  of  X^  and  W^  respectively 


such  that 
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X,  . = ( x , . . . , x,  . ) and  W.  . = ( w , . . . , w.  . ) . 
k+1  r k+1  k+1  r k+1 

Then  it  is  evident  that  (X^. ,Wj,)  £ F^+^,  since  (X^.W^)  £ F^.  Thus  by 
(3.4.11)  and  the  induction  hypothesis  P^^,  we  have 


(3.4.22) 


xk  = xk+1  2 x . , for  j = r,  . . . , k+1 . 
J J J 


Since  (X^,W^)  £ F^,  we  have 


(3-4.23) 


\ s ck(yk  * xk.i>- 


By  (3-4.22),  (3-4.23),  and  the  monotonicity  assumption  (A4'), 

ck(yk  * Vi  s ck(yk  * Vi>- 

which  with  (3-4.11)  and  (3-4.23),  yields 


(3-4.24) 


x.  ^ x,  . 

k k 


Therefore  by  (3-4.21),  (3-4.22),  and  (3-4.24),  is  true  with  (X^,W^) 

Case  2)  ck(xk  + xklJ)  > 


k-1 ' 


It  is  easily  verified  that  (X^,W^)  satisfies  (3-4.1),  (3-4.3), 

(3-4.4),  (3-4. 5), and  (3-4.8).  So  in  order  to  show  that  (X^.W^)  £ F^,  it 

suffices  to  verify  if  (X  ,W  ) satisfies  (3-4.2);  i.e.,  xk  £ c.(y.  + 

k k J J J 

xH+1) , for  j = k,  ....  r. 

By  (3-4.15)  and  the  induction  hypothesis  P 

(3-4.25) 


k+1’ 
k 


k k+1  , , k+1.  , xv  , „ . . T 

x.  = x.  sc.(y.  + x.  .)  = c.(y.  + x.  .),  for  j > J.  . 
J J J J J + 1 J J J + 1 k 


k k k+1  k 

We  show  that  x.  £ c.(y.  + x.  . ) for  k ^ j ^ J,  . By  using  x.  . = x.  . + 
J J J J+1  k J+1  J+1 


£j+^  in  (3-4.15),  we  have 

b-  + 1 b- 

(3-4.26)  c.(y.  + x.  .)  = c.(y.  + x.  . + £.  .)  for  k ^ j ^ J . 

J J J+1  J J J+1  J+1  k 

By  the  definition  of  c.,  (A3'),  and  0 ^ £.  . ^ £., 

J J J+1  J 

c.(y.  + xk  . + £ . .)  = y.  + xk  + £.  - c.(y.  + xk  + £.  ) 

J J J+1  J+1  J J+1  J+1  J J J+1  J+1 

^ y.  +xk  + £ . - c.(y.  +xk)  = £.  + c.(y.  + xk  ) , 

J J+1  J J J J+1  J J J J+1 

which  with  (3-4.26),  can  be  given  as 

k + 1 k 

(3.4.27)  cj(yj  + xj+i^  ~ + cj (yj  + xj+i^  for  k 2 1 ^ Jk- 


By  the  induction  hypothesis,  we  have 


k+1,,  , k+1.  _ . . . . T 

xj  £ cj(yj  * xj.i>  for  “ < J s -V 

k+1  k 

which  by  using  x.  = x.  + €.  and  (3.4.27),  can  be  simplified  as 
J J J 


x,k  ^ c.(y.  + xk  ) for  k < j £ J . 
k JWJ  j + 1 J k 


(3-4.28) 

On  the  other  hand,  for  j = k,  we  have  from  (3.4.13)  and  (3-4.15), 


k t k+1. 

xj  ■ ck<yk  * vf  - V 

which  with  (3-4.27)  can  be  given  as 
(3.4.29)  Xk  z c (y  + xk  ) for  j = k. 

J J J J -*• 

Thus  from  (3.4.25),  (3-4.28),  and  (3-4.29),  it  follows  that  (X^,W^) 
satisfies  (3-4.2).  Hence  it  now  follows  that  (X  ,W  ) £ F . 

X X X 

Now  to  complete  the  proof  that  P.  holds,  we  show  that  X,  2 X,  for 

k k k 

every  (XV,W^)  € F^.  Take  an  arbitrary  (X^,W^)  € Fu . By  (3-4.15)  and 


k’  k 

the  induction  hypothesis  P. 


k+1’ 


(3-4.30)  xk  = xk+1  2 x.,  for  j > J . 

J J J ^ 

Then  it  is  sufficient  to  show  x.  ^ x.  for  every  j such  that  k £ j < J 

J J k 

By  contradiction  suppose  that  x < x for  some  m,  k S m £ J,  . Then 

mm  k 


m-1 

m-1 

m-1 

m-1 

, m-1 

. k 

> x + £ y . 
m j»k J 

X,  = X 

k m 

+ 2 yj 
j=k  J 

- Z w. 
j=k  ^ 

2 x + £ y . - Z u . 
m j-k  J J-k  J 

k 

= X 

m 

m-1 

+ ^ yj 
j=k  J 

m-i  k 
- Z w . 

j=k  J 

It 

X 

II 

6k-r 

The  first  equality  and  the  first  inequality  are  due  to  (X,  ,W  ) € F.  . 

XX  X 

The  second  inequality  is. due  to  the  assumption  x > x . The  second 

m m 

equality  is  due  to  (3-4.16),  and  the  third  equality  is  due  to  the  flow 

conservation  of  (X^,W^).  The  last  equality  is  due  to  (3-4.15).  We  have 

x^  > which  violates  (3-4.8)  and  thus  contradicts  the  assumption 

that  (Xk,Wk)  6 Fk-  Therefore  it  must  be  true  that 

(3.4.31)  xk  2 x . for  j such  that  k 2 j < J 

J J ^ 
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Then  by  (3-4 -30)  and  (3.4.31)  it  follows  that  £ X^.  Thus  is  true 
with  (Xk.Wk). 

r k r k r r 

Since  E w.  = E y.  - x.  and  Ew.  = Ey.  - x.  for  i = k,  r,  we 

. . i . . i i . . l .1  i 

J=i  J=i  J=i  J=i 

r r k 

have  also  proved  that  E w.  £ E w.  for  every  i = k,  ....  r.  Therefore 

j=i  J j=i  J 

we  have  Wk  J>  Wk>  Q.E.D. 


We  have  the  following  property  which  is  more  general  than  Lemma  3-9. 


Corollary  3.10 

Extending  the  domain  over  the  capacity  functions  are  defined  such 
that  ck(y)  = 0 over  y < 0 for  k = 1,  ....  r,  we  define 
(3-4.32)  F'(Y)  = { (X.W)  | (X,W)  satisfies  (3-4.1)  - (3.4.4)}. 

Let  X(Y) , W(Y)  be  an  arbitrary  flow  in  F' (Y) . Then 

1)  X*(Y)  2 X(Y)  and 

2)  W(Y)  > W*(Y) . 

Proof:  We  notice  that  the  condition  (3-4.5)  (*k  - 0,  k = 1 r)  was 

not  used  explicitly  in  the  proof  of  Lemma  3-9-  We  use  the  same  proof  as 
in  Lemma  3-9  after  deleting  the  condition  (3-4.5)  from  definition  of  F. 
in  (3-4.17).  Then  the  rest  of  the  proof  of  Lemma  3-9  remain  valid. 
Q.E.D. 


Also  we  can  show  the  following  property  by  using  Corollary  3-10. 


Lemma  3-H 

Suppose  Y(1)  and  Y^2)  satisfy  Y(1)  J>  Y(2)  and  0 < Y(1),  Y(2)  < U. 

Then 

* (1)  * (2) 

W (Y  1 ) > W (Y  ^ ) . 


76 


Proof:  Let  Y ^ and  Y^  be  given  vectors  such  that 


(3.4.33) 


Y(1)  > Y(2)  and  0 < Y(1),  Y(2)  < U. 


Let  \ W ^ ^ denote  X (Y^n^),  W (Y^n^)  respectively  for  n = 

u a u 

1,  2.  Consider  the  flow  (X  ,Y  ,Wff)  such  that  for  k = 1,  . . . , r. 


# (2)  # (1)  , # " (2)  ' (1) 

= " w = w and  x = £ y . ' - Z w. 

k j=k  J j=k  J 


yk  = yk’ 


Then  (X#,Y#,W*)  satisfies  (3-4.1),  (3-4.3),  and  (3-4.4).  Note 


that  may  have  a negative  value.  We  employ  the  convention  that 

ck (y ) = 0 over  y < 0,  as  in  Corollary  3.10.  Let  F* (Y)  be  defined  as  in 


(3.4.32).  We  show  that  (X#,W#)  6 F’ (Yff) . Then  since  F' {Yff ) = F’(YU;) 
and  W#  = W(1) , we  will  have  W^  = W^  > W^  by  Corollary  3. 10. 

u u u 

In  order  to  show  that  (X  ,W  ) i F' (Yff)  , it  suffices  to  verify  that 
(X^,Y^,W^)  satisfies  (3-4.2);  i.e., 

(3-4‘34)  xk  - ck(yk  + xk+l}’  k = 1 r- 


’ ' I V# \ - I ? ' / v ( ^ ) 


By  the  definition  of  c^,  we  have 


(3-4.35) 


# # # 

xk  ' ck(yk  + xk+i}  = x^  " (y>"  + x'-i > + cu(y"  + * 
# 


# 

ck 


# # 

'k  * xk.r 


Vyk  * xk.i>- 


Using  the  definition  of  x^+1  and  (3-4.33)  implies 


yk*Vi=fyf-  = “S1*  £ e y!11-  l »Sl>  * y,u)*  k(1) 


j=k  J j=k+l 


J 


j=k  J j=k+l 


k+1  ’ 


from  which  we  get  by  (A3'), 
(3-4.36) 


- , # # , . - . (1)  (1), 
Ck(yk  + Xk+1}  - ck(yk  + xk+l}- 


From  (3-4.35).  (3-4.36),  and  the  definition  of  c.  , 

k 

,0  h ■3'7\  # , # # . #,#  # - # # 

(3-4-37)  Xk  ' Ck(yk  + Xk+1}  = Xk  ' (yk  + Xk+1}  + Ck(yk  + Xk+1}’ 

< # , # # . - , (1)  (1). 

- xk  - + + + xLi) 


'k  k+1' 

■ \ - <K  * xk.p  * <yr*  xkU>  - =..(y.y'*  xu;> 


k k k+1' 

(1).  JD,  _ . (y(D+  X(D 

k yk  xk+l' 


By  the  definitions  of  (X#,Y#,W#)  and  (X^  , Y^  , W^  ) , n = 1,  2,  we  have 
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# , # # , , (1)  (l)v 

xk  ' (yk  + + (yk  + xk+l} 

= [ E y|.2)-  E w^]  - [ E yj.2)-  E w 1 } ] + [ E yj.1}-  E w^] 
j=k  J j=k  J j=k  J j=k+lJ  j=k  J j=k+lJ 


= s y • 1 } ■ 

j=k  J 


■ E w. 


U)  _ „(D 


k ’ 


which  with  (3* 3 -37)  gives 
(3.4.38) 

Since  (X^,Y^,W^)  satisfies  (3.4.2),  we  have 


x^  _ c (v^  + x#  ) < x ( ^ ) _ c (V'-L/+  x'-’-M 

k klyk  xk+l  ~ k ck  yk  k+l]‘ 


(1),  ..(1) 


.(1). 
'k 


*•  's  4(4 • 


# # # 

and  thus  (3-4.38)  reduces  to  ^ ck^yk  + Xk+1^‘  Since  it  is  proved 
that  (X#,W*)  € F'(Y^),  the  conclusion  clearly  follows.  Q.E.D. 


Suppose  we  have  p columns , denoted  by  CL^ , CL^ , ....  CL^ , from 
left  to  right  in  the  lattice  representation  of  the  dynamic  network.  For 
example,  the  dynamic  network  in  Figure  3-7  has  six  columns.  By 
iteratively  using  Lemma  3-9  and  Lemma  3 -11.  we  can  get  an  EAF  with  the 
following  algorithm. 


Algorithm  PATH+ 

FOR  i = 1 TO  p DO 

Given  the  flows  on  the  holdover  arcs  from  the  column  CL^_^, 
solve  (R(Y))  corresponding  to  the  column  CL^  by  the  algorithm 
COLUMN. 

ENDFOR. 


We  note  that  the  flow  on  the  holdover  arc  from  the  (imaginary)  column 
CLq  to  CL^  is  the  initial  amount  of  people  at  Floor  1 . 

Applying  an  inductive  argument  by  using  Lemma  3-9  and  Lemma  3-11. 
we  get  the  following  result. 


Theorem  3 • 12 
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The  algorthm  PATH+  produces  an  EAF. 

As  a corollary,  the  algorithm  PATH+  produces  a minimum  turnstile 
cost  flow. 

We  discuss  the  order  results  for  the  algorithm  COLUMN.  We  need  to 

know  the  values  of  c^  to  §et  5^,  k = 1,  ...,  r.  Let  $ denote  the 

complexity  of  getting  c^  ^(u^).  Then  it  takes  r*$  effort  in  total  to 

get  c^  1(uk) , k = 1,  ...,  r,  in  the  algorithm  COLUMN.  Note  that  $ 

depends  on  the  structure  of  the  c^'s.  In  the  algorithm  COLUMN,  for  each 

k,  k = r,  ....  1,  the  WHILE  loop  in  the  procedure  PULL  may  be  executed 

for  j = k,  k+1,  ....  r in  the  worst  case.  Hence  the  (worst  case) 

2 

complexity  of  the  algorithm  COLUMN  is  0(r  ) + r-$.  We  will  show  that  by 
using  a proper  data  structure  we  can  improve  the  efficiency  of  the 
algorithm  COLUMN.  In  the  pulling-back  process,  we  do  not  change  the 
values  of  w^  which  are  already  equal  to  u^.  Thus  we  keep  a list  of  the 
nodes  whose  w^'s  are  are  less  than  u^'s.  The  following  is  a modified 
algorithm. 


Algorithm  C0LUMN+ 

Procedure  PUSH+(k,x.  .) 

k+1 

BEGIN 


Set  xk  s ck(yk  * vP- 

“k  = yk  * xk.i  - xk  (=  =k(yk  * vP 

IF  w,  < u,  THEN 
k k 

Push  down  node  k to  the  stack  S; 

END  IF 


END  (of  PUSH) 


Procedure  PULL+ ( £ ) 

BEGIN 

WHILE  i > 0 DO 

Let  node  j denote  the  top  element  of  the  stack  S; 

IF  € ^ u.  - w.  THEN 
J J 

Set  w . = w . + € , 

J J 

€ = 0; 

ELSE 

Set  € = € - (u . - w . ) , 

J J 

"j  = ui  <’  “j  * <uj  ' V 

Pop  node  j out  of  the  stack  S; 

END  IF 
END  WHILE 
END  (of  PULL+ ) 

BEGIN 

Initially  set  the  stack  S = 0; 

Set  x . = 0; 
r+1 

FOR  k = r D0WNT0  1 DO 
push+(k,xk+1) ; 

IF  xk  > 8k_1  THEN 
Set  e = xk  - 6k_i; 
pull+ ( € ) 

END  IF 
ENDFOR 

FOR  k = r DOWNTO  1 DO 
Set  = yk  * Vl  - wk; 


ENDFOR 
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END. 

In  the  algorithm  C0LUMN+ , any  node  can  be  pushed  down  into  the 

stack  S at  most  once.  Also  we  consider  only  the  top  element,  say  node  j 

of  S until  it  gets  saturated;  i.e.,  w.  = u..  Once  it  is  saturated,  we 

J J 

pop  it  out  of  S.  Then  node  j will  not  be  pushed  down  to  S again  since 
w.  = u . Thus  the  number  of  times  of  executing  the  IF-clause  of  the 

J J 

procedure  PULL+  is  bounded  by  r.  So,  the  procedure  PULL+  takes  0(r) 
effort  in  total.  Evidently  the  procedure  PUSH+  and  the  second  FOR  loop 
take  0 (r ) effort.  Hence  the  complexity  of  the  algorithm  C0LUMN+  is 
0 ( r ) + r-$  where  $ is  the  complexity  of  getting  ck~1(u]k).  Furthermore 
if  we  employ  the  algorithm  C0LUMN+  in  the  algorithm  PATH+ , then  PATH+ 
takes  O(M-p)  + M*p*$  effort  at  most.  (We  use  the  algorithm  C0LUMN+  p 
times  and  each  COLUMN + takes  at  most  0(M)  since  r < M.)  Notice  that  if 
the  capacity  functions  are  time  independent  (i.e. , c,  . = c,  ) , then  the 

K1  K 

complexity  of  PATH+  reduces  to  0(M»p)  + M-$. 

Finally,  we  now  consider  the  case  of  a convergent  tree-structured 
building  with  some  holdover  capacities  imposed  on  static  nodes.  Recall 
that  in  the  case  of  path-structured  building,  we  have  always  an  EAF, 
which  can  be  obtained  efficiently  by  a specialized  algorithm. 
Unfortunately,  we  cannot  guarantee  the  existence  of  EAF  in  the  case  of 
convergent  tree.  The  following  is  a counter-example. 

Example  8.2 

Figure  3.10  illustrates  the  static  network  of  a convergent  tree- 
structured  building.  A constant  holdover  capacity  is  imposed  only  on 
the  static  node  1.  On  the  other  static  nodes,  no  upper  bounds  are 
imposed.  Also  note  that  every  capacity  function  is  linear.  The 
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Figure  3-10  A convergent  tree-structured  building  where 
node  1 has  a constant  holdover  capacity 
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2 

Two  feasible  flows  {x!^}  and  Ixf^} 

1 i 


Figure  3 • H 


83 


parameters  for  linear  capacity  functions  and  the  initial  number  of 


people  at  each  node  are  indicated  in  parentheses.  Let  be  the  number 

of  people  exiting  the  building  at  time  i.  Obviously,  x^  = 0 in  any 

feasible  flow.  Figure  3 .11. a and  Figure  3-H-b  illustrate  some  feasible 

flows.  Let  xU)  and  x!^  denote  the  values  of  x.  in  the  flows  of 
ii  i 

Figure  3-H-a  and  Figure  3-H-b  respectively.  It  can  be  verified  that 


.(1).  JD 


x . + x ' and  x , + x 


U),  .JD,  .JD 


^ ^ + x^  maximize  x^  + x ^ and  x^  + x^  + x^  among 


the  feasible  flows.  Also  xi  ^ + xi^  + x!^ 


1 ~2  " 3 ' ~4 


maximizes 


x^  + x2  + x^  + . given  x^  = 1-1,2,  and  3 • However  the  flow 

in  Figure  3-H-b  has  the  value  of  x^  + x^  + x^  + x^ , which  is  greater 
than  xj^  + x2^^+  x^^-1-  x^'P  Hence  there  exists  no  EAF  in  this  example. 


3 • 5 Dual  Multipliers 


In  this  section,  we  will  develop  an  efficient  algorithm  for 
computing  optimal  dual  multipliers  for  (PPq)  and  (TP  ) . We  assume  that 
every  capacity  function  is  differentiable.  Noting  that  the  modified 
capacity  functions  in  (3.2.6)  are  not  differentiable  in  general,  we  will 
use  the  original  definition  of  capacity  functions.  Moreover,  as  in 
Section  2.1.3,  we  assume  (A3)"  instead  of  (A3).  In  other  words,  we 
assume  that  every  capacity  function  c_  satisfies  (Al),  (A2) , (A3)",  and 
(A4 ' ) as  well  as  the  differentiability. 

We  first  deal  with  the  case  of  a path-structured  building;  i.e., 
(PPc)  and  next  the  case  of  a convergent  tree-structured  building;  i.e., 
(TP  ) . For  simplicity,  we  assume  that  there  are  no  upper  bounds  on  the 
holdover  capacities. 

Suppose  we  are  given  a path-structured  building.  We  adopt  the 
notation  defined  in  Section  3-2.  We  define  the  following  notation: 
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ir(k,i):  the  dual  multiplier  corresponding  to  the  flow  conservation 
equation  of  a node  in  the  dynamic  network  which  represents 
the  itk  time  copy  of  floor  k, 

w(k,i):  the  dual  multiplier  corresponding  to  the  capacity 

constraint  of  the  movement  arc  outgoing  from  floor  k at 
time  i,  for  k = 1 M and  i = 1 p. 

For  expository  simplicity,  we  first  deal  with  the  case  of  linear 
capacity  functions 

( 3 - 5 - 1 ) cki(y)  = «ki  y + Pki  for  all  y > 0, 

where  0 £ a.  . <1  and  (3,  . >0. 

ki  ki 

We  will  use  the  notational  convention  that  rr(0,i)  = w(0,i)  = 0 for 
every  i.  Then  the  dual  feasibility  conditions  and  the  complementary 
slackness  conditions  are  as  follows: 

For  every  k = 1,  ....  M,  and  i = 1,  ....  p, 


(3-5.2) 

ir(k,i; 

) - ir(k-l,i+t^)  + w(k,i)  - i + t w(k-l,i+t^) 

’ k 

(3-5-3) 

ir(k,i; 

) - TT(k,i  + l)  - + ^ w(k,i  + l)  < 0, 

(3-5-4) 

w(k,i) 

1 ^ 0, 

(3.5-5) 

1 1 

•H 

X 

ir(k.i)  - ir(k-l,i+t,)  + w(k,i) 

_ Vl.i+t,  w(k"1-i+ti)  - 1 5ki  3 = °. 

k 

(3-5.6) 

yk± [ 

rr(k,i)  - ir(k,i+l)  - a w(k,i+l)  ] = 0, 

(3-5.7) 

w(k,i) 

[ cki(yki  * Vi,i-t  > - xki  1 ■ °- 

k+1 

where  8^  = 1 if  k = 1,  and  0 otherwise. 

Note  that  in  (3.5*2),  i 5^  represents  the  turnstile  cost  at  time  i. 

Optimal  dual  multipliers  w*(k,i)  represent  estimates  (upper 
bounds)  on  the  improvement  in  the  objective  function  value  in  (3.2.1)  if 
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the  constant,  for  the  capacity  function  c^  is  increased  by  one 

unit.  Hence  if  w*(k,i)  f 0,  then  we  can  consider  the  arc  coming  down 
from  floor  k as  a bottleneck  at  time  i.  The  interpretation  of  optimal 
dual  multipliers  ir*(k,i)  is  similar  to  w*(k,i).  Assuming  that  an  extra 
exit  with  unit  capacity  is  added  to  floor  k at  time  i (without  charging 
the  turnstile  cost  i) , ir*(k,i)  then  represents  an  estimate  (upper  bound) 
on  the  amount  of  decrease  in  the  objective  function  value  in  (3.2.1)  due 
to  this  change. 

We  use  the  example  shown  in  Figure  3-3  to  give  the  basic  idea  of 
the  algorithm  to  be  proposed.  The  dynamic  network  in  Figure  3.3  is 
reproduced  in  Figure  3. 12. a.  (Note  that  we  left  the  right  corner  of  the 
dynamic  network  in  Figure  3. 12. a for  clarity  of  exposition.)  Assume 
that  the  flow  provided  by  Figure  3-12.b  is  optimal  for  properly  chosen 
inputs  (i.e.,  dk>  c<ki , Pki) . obtained  by  the  algorithm  PATH.  In  Figure 
3.12.b,  only  the  arcs  of  positive  flow  are  presented  and  dotted  lines 


represent  saturated  arcs:  i.e.,  x,  . = c,  (v  + x 

kx  kx  Jkx  k+1 , i-t 


k+1 


For  notational  convenience,  we  will  use  (k,i)  to  stand  for  k1,  the 

. th  * * 

i time  copy  of  floor  k.  Given  an  optimal  flow  (X  ,Y  ) provided  by  the 

algorithm  PATH,  we  classify  the  nodes  in  the  dynamic  network  as  follows: 


(3.5.8) 

Na  " < 

(k,i) 

* 

' Xki 

> 0 and 

> 0 

}, 

(3.5.9) 

Nb  = { 

(k,i) 

! x* . 
ki 

> 0 and 

yk,±.i  ■ 0 

}. 

(3. 5- 10) 

Nc  - { 

(k.i) 

1 * 

1 Xki 

= 0 }. 

Figure  3-12.C  illustrates  an  example  of  the  classification  of  nodes. 


From  the  way  the  algorithm  PATH  works,  it  is  evident  that  x = 

ki 


Cki(yki  + xk+l,i-t 


k+1 


for  (k,i)  i N and  that  y. 


k , i + 1 


= 0 for  (k,i) 


f N . Furthermore  we  have  the  following  property. 


(b)  An  optimal  flow 


V {®  } 

V {©  } 

N = { • } 

n 


(c)  N , N,  , and  N 
a b c 


Figure  3-12  Classification  of  nodes 


Lemma  3-13 
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If  (k,i)  £ N U N , then  (k-1, i + t.  ) £ N U N . (Equivalently, 
ci  D k a D 

if  (k-1, i+t,  ) £ N , then  (k,i)  £ N .) 

ic  c c 


Proof:  If  (k , i ) £ N ON,,  then  x* , > 0. 

a b ki 

* 

Xk-1 , i + t, 
k 


Hence  by  the  algorithm  PATH, 


= min 


> 0. 


{x 


ki 


k-1 , i+t^-1 ’ 


°k-l , i + t^^ki 


yk-l,i  + tk-l^ 


Therefore,  (k-1, i + t.  ) € N ON,.  Q.E.D. 

K 9.  D 

Likewise,  the  following  property  is  true. 


Lemma  3 • 14 

If  (k,i)  £ N , then  (k,i+l)  £ N U N.  (Equivalently, 

9 9D 

if  (k,i+l)  £ N , then  (k,i)  £ N,  0 N .) 

c be 

Proof:  Similar  to  that  of  Lemma  3-13* 


xki  < cki(yki  * , > for  (k’1)  { V 

k+1 


For  simplicity,  we  assume  that 

(3-5.il) 

This  assumption  will  be  relaxed  later. 

We  will  get  7T*(k,i)  and  w*(k,i)  for  (k,i)  £ N UN  iteratively 

9 D 

for  k = 1 first,  and  so  on  up  to  k = M.  Then  we  will  get  ir*(k,i)  for 
(k,i)  £ N^.  Note  that  w*(k,i)  = 0 for  (k,i)  £ N^  due  to  (3-5-1). 
(3-5-7).  and  (3-5-10). 

We  now  explain  the  basic  idea  in  getting  the  dual  multipliers. 

Select  a floor  k.  Suppose  that  we  have  obtained  the  values  ir*(j,i)  and 

w*(j,i)  for  every  (j,i)  £ N UN  and  floor  j < k.  We  remark  that  this 

9 D 

condition  is  always  satisfied  for  k = 1 due  to  the  convention  that 


ir(0,i)  = w(0,i)  = 0 for  every  i.  Let  i^,  •••*  ^ consecutive 


time  periods  such  that  (k,i)  £ N 

a 

for  i = i^.  Evidently,  w*(k,i2)  = 
( 3 • 5 • 5 ) and  ( 3 • 5 • 9 ) . we  have 
(3-5-12)  ir*(k,i2)  = ir*(k-l,i2+tk 
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for  i = i^ , ....  i^-l,  and  (k,i)  (. 

0 due  to  (3-5-7)  and  (3-5-H)-  From 


Vl.i2-tk  "*(k-l,i2*tk)  - i2  6kl. 


By  Lemma  3-13.  (k-l,i+t^)  E U N^,  so  that  by  the  above  hypothesis,  we 
know  ir*(k-l,i2+tk)  and  w* (k-1 , i2+tk) , and  thus  we  can  get  ir*(k,i2)  by 
using  (3-5-12).  Then  we  can  obtain  ir*(k,i)  and  w*(k,i)  for  i=  i -1, 

. . . , i^  by  using 

(3-5-13)  ir*(k,i)  = ir*(k,i+l)  + i + ^ w*(k,i+l)  and 
(3-5-14)  w*(k,i)  = -ir*(k,i)  + ir*(k-l,i+tk) 

* Vl,i-tk  »*(k-l,i-tk)  - i 8kl. 


which  are  justified  by  (3-5-5),  (3-5-6)  and  (3.5.8). 

Hence  we  have  an  algorithm  for  getting  ir*(k,i)  and  w*(k,i)  for 

(k,i)  f N U N.  . 

a b 


Algorithm  DUAL1 

INPUT:  N , N , M,  p,  a for  (k,i)  f N UN, 
a b ki  a b 

OUTPUT:  tt*  (k,  i)  and  w*(k,i)  for  (k,i)  6 N UR 

a b 

FOR  k = 1 TO  M DO 

FOR  i = p DOWNTO  1 DO 

IF  (k, i)  € N THEN 
b 

Set  w*(k,i)  = 0; 

Get  ir*(k,i)  by  (3-5-12); 

ELSE  IF  (k, i)  £ N THEN 
a 

Get  ir*(k,i)  by  (3-5-13); 

Get  w*(k,i)  by  (3-5-14) ; 


END  IF 
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ENDFOR 
ENDFOR . 

Example  3 • 3 

In  the  example  problem  in  Figure  3-12,  we  assume  for  simplicity 
that  aki  = ak  for  every  i = 1,  . . . , p;  i.e.,  the  slope  of  each  capacity 
function  is  time-independent.  Applying  the  algorithm  DUAL1  to  the 
example  problem  in  Figure  3-12,  we  get  ir*(k,i)  and  w*(k,i)  for  every 
(k,i)  € N U N , as  illustrated  in  Figure  3 -13* a.  In  Figure  3. 13. a,  the 
numbers  beside  nodes  and  arcs  represent  ir*  and  w*  respectively.  We 
assume  p = 6 in  this  example.  Consider  floor  1 (i.e.,  k = 1).  Since 
node  (1,6)  ( = ( 1 , p ) ) belongs  to  N , we  get  w*(l,6)  = 0 and  ir*(l,6)  = 

6-6..  = 6 by  (3- 5 .12).  Since  node  (1,5)  belongs  to  N , we  get  tt*(1,5)  = 
ir*(l,6)  + a^*w*(l,6)  = 6 + a^-0  = 6 and  w*(l,5)  = -ir*(l,5)  + = 

6 + 5 = -1,  by  (3-5 -13)  and  (3. 5-14),  respectively.  We  compute 
(ir*(l,4)  ,w*(l,4) ) and  (w*(l,l)  ,ir*(l,4) ) in  the  same  way.  We  now 
consider  floor -2.  Note  that  t2  = 2.  Since  node  (2,3)  belongs  to  N , we 
obtain  w*(2,3)  = 0,  and  ir*(2,3)  = ir*(l,3+2)  + a1*w*(l,3+2)  + 3*8  = 6 + 

a *(-l)  + 0 = 6 - a . Since  node  (2,2)  belongs  to  N , we  get  it*  (2,2)  = 

3. 

IT*(2,2)  = TT* (2,3)  + «2-w*(2,3)  = ( 6-«1 ) + a2»0  = 6 - , and  w*(2,2)  = 

(2,2)  + ir*  (1 ,2+2)  + a1-w*(l,2+2)  + 2*8^  = -(6-c^)  + (6-o  ) + 
a1*(-2+a1)  + 0 = a1(-2  + o^).  Likewise,  we  get  ( w*  ( 3 , 2)  , it*  ( 3 , 2) ) and 

(ir*(3,l).w*(3,l))  for  floor  3-  | 

By  the  duality  theory  in  Linear  Programming,  it  is  evident  that 

(3-5-15)  w*(k,i)  S 0 for  (k , i ) € N U N,  . 

a b 

Now  we  will  get  "complete"  optimal  dual  multipliers  by  getting  the 
dual  multipliers  ir*(k,i)  and  w*(k,i)  for  (k,i)  £ N , given  ir*(k,i)  and 
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* = < © > N = < • > 


Floor  3 6-a 


2 

6-a 


Time  period 
3 


Floor  3 


Time  period 
2 3 


6-a  6-a 

1 1 


4 

6-a 


1 


6-a  6-a 

1 1 


Figure  3-13  Computation  of  the  dual  variables 
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w*(k,i)  for  (k,i)  £ N&  U N^  as  obtained  by  the  algorithm  DUAL1.  Suppose 

that  a floor  k has  a node  in  N^_.  Then  it  will  be  shown  that  we  can  get 

ir*(k,i)  for  (k,i)  £ recursively  as  follows: 

(3- 5-16)  ir*(k,l)  = - C if  (k,l)  £ N , 

c 

(3-5-17)  ir*(k.i)  = ir*(k,i-l)  if  (k,i)  £ Nc  and  j > 1, 

where  C is  a big  positive  number. 

We  note  that  by  (3-5-1),  (3-5-7),  and  (3-5-10), 

(3-5-18)  w*(k,i)  = 0 for  (k,i)  £ N . 

c 

Suppose  that  (k,i)  £ N . Then  by  Lemma  3-l4,  either  (k,i-l)  £ N, 

c b 

or  (k , i-1 ) £ N . Hence  if  there  exists  the  largest  integer  j < i such 
that  (k,j)  £ N^,  then  (k,n)  £ for  j < n ^ i.  In  this  case,  by 

(3-5-17),  we  have  ir*(k,n)  = ir*(k,j)  for  j < n < i.  Else  (i.e.,  (k,n)  £ 
Nc  for  every  n < i)  , ir*(k,n)  = - C for  1 < n < i by  (3,5.16)  and 
(3-5-17). 

The  following  is  an  algorithm  for  computing  ir*(k,i)  and  w*(k,i) 

for  (k,i)  6 Nc,  given  the  values  of  rr*(k,i)  and  w*(k,i)  for  (k,i)  € 

N UNU. 
a b 

Algorithm  DUAL2 

INPUT:  N N N M,  p,  ir*(k,i)  and  w*(k,i)  for  (k.i)  6 N UN, 
a D c a b 

OUTPUT:  ir*(k,i)  and  w*(k,i)  for  (k.i)  £ N 

c 

FOR  k = 1 TO  M DO 

IF  (k.l)  6 N THEN 
c 

Set  tt* (k.l)  = - C, 
w*(k,l)  = 0; 

END  IF 

FOR  i = 2 TO  p DO 
IF  (k.i)  6 Nc  THEN 


Set  ir*(k,i)  = ir*(k,i-l), 
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w*(k,i)  = 0; 

END  IF 
ENDFOR 
ENDFOR. 

Example  3-3  (Continued) 

Applying  the  algorithm  DUAL2  to  the  example  problem  in  Figure 

3.12,  we  get  ir*(k,i)  and  w*(k,i)  for  every  (k,i)  f N , as  illustrated  in 

c 

Figure  3-13-b.  Note  that  w*(k,i)  = 0 for  every  (k,i)  6 N . In  Figure 

3.12. b,  the  numbers  beside  nodes  represent  tf*.  f 

We  now  show  that  w*  and  ir*  as  obtained  above  are  optimal  dual 
multipliers . 

Theorem  3.15 

The  dual  variables  ir*(k,i)  and  w*(k,i)  obtained  by  the  algorithm 
DUAL1  and  the  algorithm  DUAL2  are  optimal. 

Proof:  It  is  clear  that  (3*5.^)  ~ (3-5.7)  are  satisfied  for  any  (k,i). 

Also  (3.5.2)  is  satisfied  for  each  pair  of  (k,i)  € N UN  and 

a b 

(k-l,i+tk)  € Na  u Nb’  and  (3 -5- 3)  is  satisfied  for  any  (k,i)  € Na  u Nb 

and  each  pair  of  (k,i)  6 N and  (k,i+l)  € N . Since  the  case  that  (k.i) 

? N&  U N^  and  at  the  same  time  (k-l,i+t^)  € N^  cannot  be  possible  due  to 

Lemma  3-13.  all  we  have  to  show  is  that  (3-5-2)  is  satisfied  for  (k.i)  6 

N and  (3-5-3)  is  satisfied  for  each  pair  of  (k.i)  i N and  (k,i+l)  £ N 

c a 

U Nb<  We  note  that  if  ir*(k,i)  = - C,  then  (3-5.2)  and  (3. 5. 3)  are 
satisfied.  Hence  without  loss  of  generality,  we  assume  that 
(3-5.19)  ir*(k,i)  > - C. 


We  will  apply  an  induction  argument.  For  floor  1,  suppose  that 


93 


there  exists  (l,i)  € N . Then  (3 -5 -17)  and  the  assumption  (3- 5 -19) 
imply 

( 3 • 5 • 20 ) ir*  ( 1 , i ) = ir*  ( 1 , j ) for  some  ( 1 , j ) € N^  and  j < i . 

From  (3.5.12),  we  get  Tr*(l,j)  = j,  and  thus 
(3-5-21)  ir*(l,i)  = j for  some  j < i. 

Then  by  (3-5-18)  and  (3-5-21),  it  follows  that  (3-5-2)  is  satisfied. 

Now  suppose  that  (l,i)  E N and  (l,i+l)  f N UN,.  Then  since  x*  „ > 

c a b l,i+l 

0,  (3-5-5)  yields 

(3-5-22)  w* ( 1 , i+1 ) = i + 1 - ir*(l,i+l). 

Noting  that  (3-5-15)  and  0^  i + 1 > 0 induce 

ir*(l,i)  - ir*(l,i+l)  - «1  ±+1  w*(l,i+l) 

* ir*(l,i)  - ir*(l,i+l)  - w*(l,i+l), 

and  that  ir*(l,i)  - ir*(l,i+l)  - w*(l,i+l)  = j - i - 1 < 0 by  (3. 5. 21) 

and  (3.5.22),  we  have  shown  that  (3-5-3)  is  satisfied. 

By  induction,  we  suppose  that  (3-5-2)  and  (3. 5. 3)  are  satisfied 
for  floor  1 through  floor  k-1.  We  show  that  (3.5.2)  and  (3-5.3)  are 
satisfied  for  floor  k.  Suppose  that  (k,i)  6 N . Then  by  the  assumption 
(3 • 5 • 19) , we  have 

(3-5-23)  ir*(k,i)  = ir*(k,j)  for  some  j < i with  (k,j)  € N,  . 

b 

Since  (k,j)  6 N , we  get 

ir*(k,  j)  = ir*(k-l,j  + tk)  + «k-1  w*(k-l,j  + tk). 

’ k 

Hence  by  (3.5.4)  it  follows  that 
(3-5-24)  ir*(k,j)  < ir*(k-l,j+tk). 

By  the  induction  hypothesis,  (3-5-3)  is  satisfied;  i.e.,  for  every  n, 

ir*(k-l,n+t ,)  ^ ir*(k-l,n+l  + t ) + a . . . w#(k-l  ,n+l  + t,  ) . 

k k k-l,n+l  + t,  k 


Consequently,  we  get 


(3-5.25) 
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Tf*(k-1, j+tk)  S ir*(k-l,i+tk)  + ak-1  ±+t  w*(k-l,i+tk) 


Hence,  (3- 5 -23)  - (3-5 -25)  imply 
(3-5.26)  Tr*(k,i)  2 ir*(k-l  ,i+tk)  + a 

It  now  follows  that  (3-5.2)  is  satisfied 


k'  ■ "k-l.i.t, 
k 


We  now  consider  the  case  that  (k,i)  6 N and  (k,i+l)  6 N UN,. 

c a b 

In  this  case,  from  (3.5*26)  and  (3.5-15). 

(3-5-27)  ir*(k,i)  * ir*(k-l,i+tk). 

By  the  induction  hypothesis, 

(3.5.28)  ir*(k-l,i+tk)  £ m*(k-l,i+l+tk)  + ak_1  i+1+t  w* (k-1 , i+l+tk) 

Since  (k,i+l)  € N U N , we  have  x*  . i > 0,  so  that  (3-5-5)  implies 
a b k,i+l  ^ 

w*(k,i+l)  = - ir*(k,i+l)  + it* (k-1 , i+l  + t,  ) 

rC 

* w*{k-l  ,i+l  + tk)  * (i-1)  5kl, 

rC 

from  which  we  get,  by  using  (3-5- 15)  and  a . 2 0, 

iC  , 1 + -L 

(3.5.29)  ir*(k-l,i+l  + tk)  + «k_1  i+1  + t w*(k-l,i+l+tk) 


= ir*(k,i+l)  + w*(k,i+l)  2 7r*(k,i+l)  + a 

iC  , 1 X 

By  (3-5.27),  (3-5.28),  and  (3.5-29),  it  now  follows  that 


w*(k,i+l) . 


ir*(k,i)  < ir*(k,i  + l)  + « w*(k,i+l), 

KI  , 1 + X 

so  that  (3-5.3)  is  satisfied.  Thus  the  proof  is  complete.  Q.E.D. 


It  is  clear  that  the  algorithms  DUAL1  and  DUAL2  take  O(M-p)  time 
in  total. 

The  analysis  will  be  valid  even  if  we  relax  the  assumption 
(3-5.11).  Suppose  that  there  exists  an  (k,i)  € N with  x*  = 

D K1 

cki(yki  + xk+i  )•  Then  we  perturb  the  capacity  function  cki  by 


'k+1 


an  arbitrary  positive  amount  6 and  denote  the  perturbed  capacity 
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function  by  cj\;  i.e.,  cj\(y)  = y + (P^i  + O for  y 2 0.  We  repeat 
this  perturbation  operation  for  each  (k,i)  £ having 

) . We  call  the  new  minimum  turnstile 


* * * 

x,  . = c,  . (y,  . + x.  , . 

ki  ki  ki  k+1 , l-t 


k+1 


cost  problem  (PP^) . Since  for  (k,i)  £ N^, 

"in  (yJi  * Cl,i-t  Cki(yki  * , 

k+1  k+1 

= min  {y*  + x , . , c.^  . (y.  . + x . . 

lJki  k+l.i-t,  , ki  ki  k+1 , i- 1.  1 

k+1  k+1 


)} 

)}, 


the  algorithm  PATH  generates  exactly  the  same  optimal  flows  for  (PPc) 

and  (PP^).  We  can  obtain  optimal  dual  multipliers  for  (PP^)  by  the 
c c 

method  mentioned  above.  Then  these  dual  multipliers  satisfy  (3-5-2)  - 
(3-5-7)  correpsonding  to  (PP  ) , since  (3-5-2)  - (3-5-6)  are  independent 
of  the  perturbation  and  if  (3-5-7)  is  satisfied  for  (PP^),  then  it  is 
also  satisfied  for  (PP^) . Therefore  the  dual  multipliers  obtained  by 
the  method  mentioned  above  are  optimal  dual  multipliers  for  (PP^). 

Now  consider  a case  where  the  capacity  function  c^  is  nonlinear. 
We  can  get  optimal  dual  multipliers  as  follows.  After  we  get  the 


optimal  flows  by  the  algorithm  PATH,  we  set  ct^  = o^-^y^i  + 

x.  . ).  Then  by  choosing  p ,'s  properly,  we  can  construct 

k+1 , i — t,  , Ki 

k+1 

another  minimum  turnstile  cost  problem  with  linear  capacity  functions 

which  has  the  same  optimal  flows.  Let  (LPP^)  denote  the  new  (linear) 

minimum  turnstile  cost  problem.  Then  we  get  optimal  dual  multipliers 

for  (LPPc)  by  the  method  discussed  so  far.  Since  (3-5-2)  - (3-5-7)  for 

(LPP  ) imply  Kuhn-Tucker  conditions  for  (PP  ) , dual  multipliers  obtained 
c c 

in  such  a way  satisfy  Kuhn-Tucker  conditions  for  (PP  ) . 

Finally  we  study  the  case  of  a convergent  tree-structured 
building.  Note  that  in  the  case  of  a convergent  tree,  each  node  v € V 
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has  only  one  outgoing  arc  in  E.  We  define  s(v)  to  be  the  successor  node 
°f  v in  G toward  the  root  node;  i.e.,  the  arc  (v,s(v))  is  in  E.  (In  a 
path-structured  building,  s(k)  = k-1,  for  floor  k.)  We  let  M = |V|  and 
assume  that  the  nodes  in  V are  numbered  topologically  as  M,  M-l,  1, 

as  assumed  in  Section  3.3.  Then  if  we  replace  k-1  with  s(k),  then  all 
the  lemmas  and  theorems  in  this  section  remain  valid.  Hence  we  get  the 
optimal  dual  multipliers  in  the  case  of  a convergent  tree  by  using  the 
algorithms  DUAL1  and  DUAL2 . 


3-6  Discussion 

In  this  chapter  we  have  shown  that  when  the  capacity  functions  are 
nondecreasing  and  the  building  is  a convergent  tree,  there  always  exists 
an  EAF,  which  is  optimal  for  the  minimum  turnstile  cost  flow  problem. 

The  algorithms  proposed  in  this  chapter  obtain  an  EAF.  However,  if  the 
capacity  functions  are  not  nondecreasing  or  if  the  building  is  not  a 
convergent  tree,  there  may  not  exist  an  EAF.  We  shall  show  some 
counter-examples  to  illustrate  this. 

Example  3 . 4 

Figure  3*19  show's  the  static  network  and  the  dynamic  network  of  a 
building  which  is  not  a convergent  tree.  We  assume  that  the  capacity 
function  of  the  arc  (2,D)  is  c(y)  = 0.1  y + 1 and  the  other  arcs  each 
have  the  capacity  function  c(y)  = 5-  Let  x_^  be  the  number  of  people 
exiting  the  building  at  time  i.  It  can  be  shown  that,  maximizing  over 
all  the  feasible  flows  to  (P^) , we  have  max  {x^}  = 0,  max  {x^  + = 2, 

max  {x1  + x2  + x3}  = 6.38,  and  max  ^ + x2  + x3  + x^}  = 10.  Also  it 

can  be  verified  that  any  flow  yielding  + x2  + x3  + x^  = 10  cannot 

achieve  x1  + x^  + x = 6.38.  Hence  an  EAF  does  not  exist  in  this 
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d = 0 
3 


(a)  Static  network 


(b)  Dynamic  network 


Figure  3-1^  An  example  of  a building  which  has  not  a convergent 
tree-structured  static  network  representation 


example. 
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Example  3 • 5 

Figure  3.15  shows  a case  where  the  building  is  path-structured  but 
one  of  the  capacity  functions  is  not  nondecreasing.  As  in  Example  3.4, 
we  can  verify  the  nonexistence  of  an  EAF  in  this  example  by  solving 
maximum  flow  problems  sequentially.  Let  xi  be  the  number  of  people 
exiting  the  building  at  time  i.  Then  maximizing  over  all  the  feasible 
flows  to  (Pc),  we  have  max  {x^  = 0,  max  ^ + x2)  = 20,  max  {x1  + x2  + 
x^}  = 73.  and  max  {x^  + x2  + x^  + x^}  = 61.09.  But  any  flow  yielding 

X1  + x2  + x3  + x^  = 61.09  cannot  achieve  X1  + x2  + x^  = 42.73.  Hence  an 
EAF  does  not  exist  in  this  example.  | 

When  an  EAF  does  not  exist,  we  cannot  guarantee  that  the  proposed 
algorithms  in  this  chapter  provide  a minimum  turnstile  cost  flow.  We 
have  shown  that  having  nondecreasing  capacity  functions  "and"  convergent 
tree  structure  is  a sufficient  condition  for  the  existence  of  an  EAF. 
However,  a necessary  condition  for  the  existence  of  an  EAF  is  not  known 
yet. 

In  the  following  chapter  we  will  attempt  to  handle  those  problems 
which,  in  general,  do  not  possess  an  EAF.  In  this  group  we  will  tackle 
more  general  network  structures  as  well  as  more  general  capacity 


functions . 


99 


cl 


(0,10) 


(traversal  time) 


d - 15 
1 


(1) 
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(a)  Static  network 


(b)  Capacity  functions  of  movement  arcs 

Figure  3.15  A building  which  does  not  have  a nondecreasing 
capacity  function 


CHAPTER  4 


ANALYSIS  OF  GENERAL  NETWORK-STRUCTURED  BUILDINGS 

In  this  chapter  we  will  study  the  minimum  turnstile  cost  problem 
in  general  network-structured  buildings.  From  the  analysis  in  Chapter 
3,  we  know  that  there  exists  no  earliest  arrival  flow  in  general,  so 
that  the  ad  hoc  algorithms  proposed  in  Chapter  3 are  not  valid  for 
getting  a minimum  turnstile  cost  flow  in  a general  network  structured 
building.  As  explained  in  Chapter  1,  the  architectural  structure  of  a 
building  can  be  represented  by  a static  network  G=(V,E),  which  by  the 
Ford  and  Fulkerson  expansion  procedure  [19]  is  expanded  to  a dynamic 
network  G =(V  ,E  ).  We  use  the  following  notation  defined  in  Chapter  1. 

r .r' 

p:  a given  time  horizon  (a  positive  integer) , 
i . th  . . 

v : i time  copy  of  a node  v t V, 

D:  the  super-sink  node  in  G , 

P 

x(e)  or  x : flow  on  arc  e (.  E , 
e P 

x(V  v1)  = Z x(w,v1), 

P (w,v  )€E 

P 

c : the  capacity  function  of  arc  e 6 E , 

. p 

h(vX)  : the  flow-independent  holdover  capacity  of  a node  v (.  V 

at  time  i . 

The  basic  model  (P  ) for  minimizing  the  turnstile  cost  was  defined 
in  Chapter  1 as  follows: 
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minimize  .£  xfv^'.D)  • i 
(v1,D)CEp 

subject  to 

x satisfies  the  flow  conservation  equations  in  G , 

P 

0 £ x(e)  £ c (x(V  v1)),  for  e=(v1,w'])6E  , v^w^V  , v ^ w, 
“ P P P 

0 ^ x(e)  ^ h(vi)  , for  e = (v*,v*+^)  £ E . 

P 

By  considering  the  capacity  constraints  as  side  constraints,  the 
model  (Pc)  is  a network  flow  problem  with  side  constraints.  For 
simplicity,  we  assume  the  capacity  functions  are  linear  or  piecewise 
linear.  Otherwise  (i.e.,  with  nonlinear  capacity  functions),  the 
problem  is  in  general  hard  to  solve  because  of  the  size  of  the  dynamic 
network.  (For  example,  suppose  that  the  time  horizon  is  100,  a building 
has  20  floors  and  each  floor  has  5 components  in  the  static  network. 

Then  we  have  approximately  100  x 20  x 5 = 10000  nodes  and  much  more  than 
10000  movement  arcs,  each  of  which  has  one  capacity  constraint  in  the 
dynamic  network.) 

We  first  consider  the  case  of  the  linear  capacity  functions;  i.e., 

ce(y)  = ae  y + 3g,  for  all  y 2 0, 

where  0 < a <1  and  B >0. 
e e 

Then  (Pc)  with  the  linear  capacity  functions  is  a network  problem  with 
linear  side  constraints.  We  denote  this  problem  by  (NP) . 

We  will  consider  the  problem  (NP)  in  a general  context,  namely  a 
minimum  cost  flow  problem  with  linear  capacity  constraints  as  side 
constraints  in  an  "arbitrary"  network  (the  dynamic  network  is  a special 
case)  in  Section  4.1  and  present  an  algorithm  for  solving  it  in  Section 
4.2.  We  shall  then  extend  the  result  to  the  case  of  piecewise  linear 
capacity  functions  in  Section  4.3. 


4.1  Problem  Definition 
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We  discuss  the  problem  (NP)  in  a general  setting. 

Given  a graph  G=(V,E),  we  define  the  following  notation: 

A:  the  node-arc  incidence  matrix, 
r:  the  requirement  vector, 

F:  a subset  of  E whose  elements  have  a flow-dependent 
capacity  function, 
fr(e):  the  from-node  of  e ( E, 

to(e):  the  to-node  of  e £ E;  i.e.,  e = (fr(e) , to(e) ) , 

ug:  flow-independent  constant  capacity  of  arc  e £ E \ F, 

x or  x(e):  the  flow  on  arc  e £ E, 
e 

sg  or  s(e):  the  slack  variable  in  the  capacity  constraint  of 


arc 

e £ F;  i.e. 

, x + s = 

a x 

(V, fr (e) ) 

+ 

3 , 

e 

e 

e 

e 

K+(v) 

= { 

e £ E | 

! v = fr (e) ; 

i.e., 

e = 

(v,w) 

for  some 

w 

£ V 

}, 

K"(v) 

= { 

e £ E ] 

v = to(e) ; 

i.e. , e = 

(w,v) 

for  some 

w 

£ V 

}. 

D:  the  "super-sink."  (We  attach  the  node  D in  the  graph  G and 
link  it  with  every  sink  of  G.) 

The  super-sink  D will  be  considered  as  the  root  node  of  G. 

The  following  is  the  problem  we  will  study  in  this  chapter,  a 
minimum  cost  network  flow  problem  with  flow-dependent  capacity 
functions,  denoted  by  (GNP): 
minimize  c*x 
subject  to 

A D D 

A»x  + x *e  = r, 

x ^ a -x(V,fr(e))  + 3 , 
e e e 

x S u , for  e £ E \ F, 
e e 

xg  > 0,  for  every  e £ E, 


for  e £ FCE, 
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and  = 0, 

where  and  3g  are  constants  satisfying  0 < <xe  < 1 , 3 > 0 for  e € F, 

and  e^  is  the  unit  vector  whose  component  corresponding  to  the  flow 
conservation  equation  of  the  super-sink  D is  1.  In  the  graph  G,  e°  is 
represented  as  the  root  arc.  Note  that  we  introduced  e^  to  make  the 
constraint  have  full  row  rank,  and  thus  must  be  zero  all  the  time. 

We  remark  that  the  dynamic  network  model  (NP)  defined  before  is  a 
special  case  of  the  model  (GNP) . In  what  follows,  we  make  the  following 
assumption.  (See  Choi  et  al.  [17].) 

Assumption  4 . 1 

For  every  v i V,  £ a <1. 

e£K+(v)  e 

In  the  context  of  building  evacuation,  if  £ a 2 1 for  some  v f V, 

e€K+ (v)e 

then  regardless  of  the  number  of  people  reaching  component  v,  they  can 
be  evacuated  immediately,  which  is  a physical  impossibility.  We  will 
consider  relaxing  this  assumption  in  Section  4.3* 

The  following  is  an  example  which  we  shall  use  throughout  this 
chapter. 

Example  4.1 

Consider  the  network  shown  in  Figure  4.1. a.  Nodes  1 and  2 are  the 

sources  with  the  amount  of  supply  70  and  80,  respectively.  Node  D is 

the  sink  node  and  F is  given  by  { e . | j 2 7 } . The  numbers  in 

1 

parentheses  denote  ag  and  3g.  For  simplicity,  we  assume  that  ug  = 
e 6 E \ F.  The  model  (GNP)  is  given  in  Figure  4.1.b. 


<»  for 
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(a)  Example  network 
Figure  4.1  Example  problem 


Note  that  (GNP)  is  a linear  programming  problem.  So  it  can  be 
solved  by  any  standard  simplex  method.  When  we  solve  (GNP)  by  a simplex 
method,  no  special  constraint  structure  is  exploited.  Let  B be  a 
feasible  basis  of  (GNP).  Then  the  number  of  rows  in  B will  be  same  as 
the  number  of  constraints,  which  may  be  enormous  in  our  problem.  (For 
example,  in  case  of  (NP)  each  movement  arc  in  the  time-expanded  network 
has  one  capacity  constraint.)  To  lessen  the  burden  of  the  size  of  a 
basis,  efforts  have  been  made  in  the  past  to  develop  what  is  called  a 
primal  partitioning  simplex  method  [40].  In  this  chapter,  we  shall 
present  a "special"  primal  partitioning  simplex  method  for  solving  (GNP) 
by  exploiting  a special  structure  of  the  basis. 

The  primal  partitioning  simplex  method  is  a specialized  version  of 
the  simplex  method,  especially  for  solving  a linear  minimum  cost  flow 
problem  with  linear  side  constraints.  A general  form  of  a linear 
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Figure  . 1 Example  problem  (Continued) 
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minimum  cost  flow  problem  with  side  constraints,  denoted  by  (PS),  is  as 
follows:  (For  more  details,  refer  to  Kennington  and  Helgason  [40].) 


minimize  c*x  + d-z 
subject  to 

A x + P z = r, 

R x + S z = b, 

O^x^u,  O^z^v, 

where  A is  the  node-arc  incidence  matrix  of  a graph, 
P,  R,  and  S are  arbitrary  matrices, 
r is  a requirement  vector,  and 
u and  v are  constant  upper  bound  vectors. 


The  primal  partitioning  simplex  method  partitions  the  basis  to  exploit 
its  special  structure.  We  can  partition  a basis  B in  (PS)  into  the 
following  form  (possibly  after  rearranging  the  rows  and  columns  of  B if 
necessary) : 


(4.1.1)  B 


T N ‘ 
H Z 


where  T is  a nonsingular  (square)  matrix. 
It  is  well  known  that 


(4.1.2) 


-1 


-1  -1  -1  -1 
T + T NQ  HT 

-1  -1 

-Q  H T 


-t"1  n q-1 


Q 


-1 


where  Q = Z - H T N,  will  be  called  the  working  basis. 

B 12 

Given  the  cost  vector  c = [c  ,c  ] corresponding  to  the  basic 

12  B — 1 

variables,  we  can  get  the  dual  variable  vector  it  = [ir  ,ir  ] = c *B 


according  to  the  following  algorithm: 
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Algorithm  DUAL  {dual  variable  calculation} 
Step  1)  Set  $ = c1  T_1. 

Step  2)  Set  it2  = (c2  - $ N)  Q-1. 

Step  3)  Set  it1  = (c1  - ir2  H)  T_1  = $ - rr2 

Similarly,  given  the  entering  column  a = 

r 1 


H T 

r 1 
a 

2 

a 


updated  column  y 


y 

2 


B -a,  according  to  the 


, we  can  get  the 
following  algorithm: 


_ y 

Algorithm  UPDATECOLUMN  {updated  column  calculation} 

Step  1)  Set  $ = T_1  a1. 

Step  2)  Set  y2  = Q_1  (a2  - H $). 

Step  3)  Set  y1  = T 1 (a1  - N y2)  = $ - T-1  N y2. 

Then  the  basic  steps  in  the  primal  partitioning  simplex  method  are 
given  by  the  following  algorithm: 

Algorithm  PPSIMPLEX  {primal  partitioning  simplex  method} 

Step  1)  Given  a feasible  basis  B and  its  partition,  get 
the  dual  variables  by  the  algorithm  DUAL. 

Step  2)  Determine  an  entering  variable. 

IF  there  is  no  entering  variable 
THEN  stop  with  an  optimum  solution 


ENDIF. 


Step  3)  Get  the  updated  column  of  the  entering  variable  by 
the  algorithm  UPDATECOLUMN. 

Step  4)  Determine  the  leaving  variable. 

IF  there  is  no  leaving  variable 
THEN  stop  with  an  unbounded  solution 
ENDIF. 


Step  5)  Update  the  flow. 
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Step  6)  Update  the  partition  of  the  basis. 

Step  7)  Update  the  working  basis  inverse. 

Go  to  Step  1 . 

The  general  idea  of  partitioning  the  basis  is  traceable  to  Charnes 
and  Cooper  in  their  double-reverse  method  [13].  Later  Bennet  [6], 

Hartman  and  Lasdon  [33],  Chen  and  Saigal  [14],  Glover  and  Klingman  [27], 
Barr  et  al.  [3],  Sakarovitch  and  Saigal  [55],  Kennington  and  Helgason 
[40]  developed  the  primal  partitioning  simplex  method.  Specialization 
of  the  partitioning  method  for  multicommodity  problems  may  be  found  in 
Grigoriadis  and  White  [30],  Kennington  [39].  Kennington  and  Helgason 
[40],  and  Ali  et  al.  [1].  McBride  reports  a program  to  solve  the 
generalized  network  problem  with  side  constraints  (i.e.,  each  column  of 
the  matrix  A has  at  most  two  nonzero  entries)  [45,  46]. 

The  partition  of  the  basis  in  these  studies  is  restrictive  in  the 
sense  that  the  matrix  T is  constructed  from  only  the  rows  of  the  flow 
conservation  equations;  i.e.,  from  A.  Since  the  submatrix  T in  the 
basis  B can  be  represented  as  a directed  spanning  tree  or  forest,  the 
operations  involving  T ^ in  the  above  algorithms  can  be  done  easily  by 
the  labeling  procedures.  Thus  it  may  be  beneficial  to  keep  only  the 
working  basis  inverse  Q 1 instead  of  the  whole  basis  inverse  B_1  for 
improving  the  computational  efficiency  and  computer  storage 
requirements . 

If  we  apply  these  previous  methods  to  (GNP) , then  T is  constructed 
from  the  rows  of  A,  and  [H  Z]  from  the  capacity  constraints.  Hence  T 
can  be  represented  as  a spanning  tree.  However  there  is  a limitation  in 
direct  application  of  the  previous  partitioning  methods  to  the  problem 
(GNP),  since  the  size  of  the  working  basis  Q will  be  as  large  as  the 
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number  of  side  constraints,  diminishing  the  original  idea  of 
partitioning.  In  the  following  section,  we  shall  present  a primal 
partitioning  simplex  method  for  solving  (GNP) , which  is  more  flexible  in 
partitioning  the  basis,  in  an  effort  to  reduce  the  size  of  the  working 
basis.  We  allow  some  rows  from  the  capacity  constraints  to  be  moved 
into  T and  some  rows  from  the  flow  conservation  equations  to  be  moved 
out  of  T,  while  maintaining  a special  structure  of  the  matrix  T to  be 
discussed  later. 


4.2  A Primal  Partitioning  Simplex  Method 

In  this  section  we  will  present  a primal  partitioning  simplex 
method  for  solving  (GNP).  In  Subsection  4.2.1,  we  introduce  a new 
scheme  for  partitioning  the  basis  and  give  an  overview  of  the  proposed 
primal  partitioning  simplex  method.  In  Subsection  4.2.2,  we  discuss  the 
computation  of  the  dual  variables  and  selection  of  an  entering  variable 
and  a leaving  variable.  In  Subsection  4.2.3,  we  discuss  how  to  update 
the  partition  of  the  basis  given  the  entering  and  the  leaving  variables. 
In  Subsection  4.2.4,  we  discuss  how  to  update  the  working  basis  inverse. 

4.2.1  Partitioning  of  a Basis 

In  this  subsection  we  present  a new  scheme  for  partitioning  a 

basis  in  the  problem  (GNP)  and  highlight  the  basic  idea  of  the  proposed 

partitioning  simplex  method.  Recall  that  any  basis  matrix  B can  be 

partitioned  as  follows: 

T N 
B = 

H Z 

where  T is  a nonsingular  matrix. 
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Given  a partition  of  B,  we  define  the  following  notation: 

I^(B)  {I^B)}:  the  first  {second}  "part"  of  the  rows  of  B, 

J^(B)  {^(B)}:  the  first  {second}  "part"  of  the  columns  of  B. 

We  shall  use  simply  L or  h,  i = 1,  2,  when  the  context  is  clear. 
Sometimes  for  convenience,  we  will  say  that  a variable  (instead  of  the 
column  of  a variable)  is  in  h,  i = 1,  2.  Note  that  1^  and  J\,  i = 1, 

2,  are  dependent  on  the  partition  of  B. 

A row  in  B comes  from  either  a flow  conservation  equation  of  a 
node  or  a capacity  constraint  of  an  arc.  Thus  the  rows  in  B are 
classified  as  follows: 

RN(v):  the  row  coming  from  the  flow  conservation  equation  of 
a node  v t V, 

RC(e):  the  row  coming  from  the  capacity  constraint  of 
an  arc  e € F. 

We  also  let  denote  the  set  of  nodes  v € V whose  RN(v)  is  in  1^,  for 
i = 1,  2. 

We  wish  to  have  as  many  rows  as  possible  in  T and  at  the  same  time 
obtain  the  inverse  of  T easily  in  order  to  make  the  partitioning  method 
efficient.  Thus  there  is  a trade-off  between  these  two  conflicting 
goals.  We  will  present  a partitioning  scheme  where  T has  a special 
property  compromising  these  two  goals.  We  are  more  flexible  in 
partitioning  the  basis,  in  an  effort  to  reduce  the  size  of  the  working 
basis.  We  allow  some  rows  from  the  capacity  functions  (RC(e))  in  T and 
some  rows  from  the  flow  conservation  equations  (RN(v))  out  of  T.  The 
size  of  the  working  basis  may  grow  or  shrink  from  one  iteration  to  the 
next  iteration,  as  discussed  later.  At  each  iteration,  we  "try"  to  keep 
the  size  of  the  working  basis  as  small  as  possible. 


J (B) 
1 
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J (B) 
2 


Figure  4.2  A typical  partition  of  a basis  matrix  B 

In  our  partitioning  scheme  discussed  later,  we  impose  special 
properties  which  the  matrix  T should  satisfy.  First,  we  require  T be 
block  upper  triangular.  This  is  more  general  than  the  "previous" 
partitioning  methods  which  require  T to  be  only  (upper)  triangular. 
Figure  4.2  illustrates  a block  upper  triangular  matrix.  Second,  if  T 
has  any  block,  then  each  block  possesses  a special  property  to  be 
discussed  below.  We  call  a square  matrix  L = (1  ) a primary  diagonal 

matrix  if  for  some  nonnegative  integer  k and  some  real  numbers  a_^ , 

-1  if  i = j = 0, 

1 if  i = 0 or  i = j , and  j = 1,  2,  ...,  k, 
1+1,J+1  -cr  if  i = 1,  2,  ....  k,  and  j = 0, 


i.e.  , 


0 otherwise; 
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(4.2.1)  L 


-111- 
-ot  1 0 

- a 2 0 1* 

1 


0 


-a 


k 


1 

0 

0 

0 

1 


Lemma  4 . 1 

A primary  diagonal  matrix  L is  nonsingular  if  and  only  if 
k 

Z a . ^ 1 . 
i-1  1 

Proof:  Applying  elementary  row  operations  to  L,  one  can  show  that  the 

k 

determinant  of  L is  -1  + Z a . . Hence  the  proof  follows  immediately. 

i=l  1 


Q.E.D. 


We  require  that  each  block  (if  any)  of  T be  a nonsingular  primary 
diagonal  matrix.  (As  we  shall  see  later,  it  is  very  easy  to  solve  the 
linear  systems  x L = b and  L y = c for  a nonsingular  primary  diagonal 
matrix  L.  Hence  the  operations  involving  T ^ in  the  algorithms  DUAL  and 
UPDATECOLUMN  will  be  easy.) 

Now  we  discuss  the  third  property  the  submatrix  T should  satisfy. 
We  call  the  variable  corresponding  to  the  i^  column  of  J^(B)  the 
defining  variable  of  the  i^  row  of  I^(B).  We  impose  the  following 
restriction  on  the  defining  variable  of  RC(e)  in  I^(B):  For  a row  RC(e) 

in  I^(B),  the  defining  variable  is  either  x^  or  s__.  We  call  this 
restriction  the  diagonal  restriction.  This  restriction  will  help  us 
represent  the  submatrix  T in  a graph  later. 

In  summary,  at  each  iteration  we  maintain  a partition  of  a basis  B 
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such  that  the  submatrix  T in  B always  satisfies  the  following 
properties: 

1)  T is  a block  upper  triangular  matrix, 

2)  each  block  (if  any)  of  T is  a nonsingular  primary  diagonal  matrix, 

3)  the  diagonal  restriction  is  satisfied. 

We  call  the  above  three  conditions  the  BUT  property  (a  "special" 
Block  Upper  Triangular  property)  and  call  a matrix  possessing  the  BUT 
property  a BUT  matrix. 

A BUT  matrix  has  a following  interesting  property.  Suppose  we 

fch  th 

delete  a column,  say  the  k column,  and  the  k row  from  a BUT  matrix 

k th 

T.  Let  T be  the  resulting  matrix.  If  the  k column  does  not  "cross" 

any  block,  as  illustrated  in  Figure  4. 3- a,  then  T is  also  a BUT  matrix. 

If  the  k^  column  crosses  a block  L,  as  illustrated  in  Figure  4.3.b,  the 

k 

(primary  diagonal)  block  L in  T may  become  singular  (by  Lemma  4.1),  so 
that  T may  violate  the  condition  2)  of  the  BUT  property  and  thus  may 
not  be  a BUT  matrix.  It  will  be  shown  later  that  by  the  way  of 
constructing  a BUT  matrix,  the  nonsingular  property  of  a primary 
diagonal  matrix  is  always  satisfied  and  thus  T is  a BUT  matrix.  Until 
we  address  this  property,  for  simplicity  of  exposition  we  will  assume 
that  T is  always  a BUT  matrix. 

Now  we  give  an  overview  on  the  primal  partitioning  simplex  method 
to  be  presented.  Refer  to  the  algorithm  PPSIMPLEX  in  Section  4.1.  At 
each  iteration,  we  let  T satisfy  the  BUT  property.  Since  T is  a BUT 
matrix,  computing  the  dual  variables  and  the  updated  column  of  the 
entering  variable  will  be  easy.  (The  detailed  algorithms  will  be 
described  in  the  next  section.)  Given  the  entering  variable  and  the 
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kth  column 


(a) 


The  kth 


column  does  not  cross  a block. 


(b)  The  k*'*1  column  crosses  a block. 


Figure  4.3  T and  T 
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leaving  variable,  we  get  a new  partition  of  the  basis  at  the  next 
iteration  such  that  the  submatrix  T satisfies  the  BUT  property,  while 
trying  to  keep  the  size  of  T as  large  as  possible,  or  equivalently  keep 
I ^2 1 I ^2^  aS  sma^  as  possible.  The  following  is  the  basic  approach 
we  will  use  for  updating  the  partition. 

If  the  column  of  the  leaving  variable  is  in  J , then  we  just 

delete  it  from  J^.  Else  if  the  column  of  the  leaving  variable  is  in  J^, 

then  deletion  of  it  from  J1  destroys  the  BUT  property  of  T.  If  we  are 

not  concerned  about  the  size  of  the  working  basis,  we  can  restore  the 

BUT  property  of  T by  moving  the  row  whose  defining  variable  is  the 

leaving  variable  from  ^ to  1^.  (Note  that  if  the  column  of  the  leaving 
th 

variable  is  the  k column  in  J^,  then  the  row  whose  defining  variable 
is  the  leaving  variable  is  the  kth  row  in  I .)  It  is  an  easy  way  to 
restore  the  BUT  property,  but  by  doing  so  the  size  of  1^  increases  by  1. 
Instead,  we  check  the  possibility  of  restoring  the  BUT  property  by 
moving  a column  in  to  (without  moving  any  row  from  1^  to  I ) . For 
each  column  in  J^,  we  "tentatively"  move  it  from  to  J and  test  if  a 
BUT  matrix  can  be  obtained  from  the  resulting  "tentative"  partition  by 
rearranging  the  rows  and  columns  in  T (if  necessary).  If  so,  we  accept 
the  "tentative"  partition.  If  we  cannot  restore  the  BUT  property  by 
moving  any  column  in  J2  to  J , then  we  just  resort  to  the  "unfavorable" 
way  to  restore  the  BUT  property  as  mentioned  above;  i.e.,  accept  the 
partition  where  the  row  whose  defining  variable  is  the  leaving  variable 
is  moved  from  1^  to  1^. 

Having  the  partition  obtained  with  respect  to  the  leaving 
variable,  we  do  a similar  test  with  respect  to  the  entering  variable  to 
reduce  the  size  of  the  working  basis.  We  wish  to  insert  the  column  of 
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the  entering  variable  into  J^.  However  we  cannot  simply  insert  it  into 
J^,  since  then  the  resulting  T matrix  will  not  even  be  a square  matrix. 
We  must  be  able  to  move  a row  in  I ^ to  1^  at  the  same  time  to  maintain 
the  BUT  property  of  T.  Thus,  we  do  the  following  test.  For  each  row  in 
I^,  we  move  it  "tentatively"  from  to  1^  and  insert  the  column  of  the 
entering  variable  into  , and  then  test  if  a BUT  matrix  can  be  obtained 
from  the  resulting  "tentative"  partition  by  rearranging  the  rows  and 
columns  in  the  resulting  T (if  necessary).  If  so,  we  accept  the 
tentative  partition.  If  we  cannot  maintain  the  BUT  property  of  T by 
moving  a row  from  I^  to  1^,  then  we  just  resort  to  the  "unfavorable" 
alternative;  i.e.,  we  simply  add  the  column  of  the  entering  variable  to 
(without  moving  any  row  from  I^  to  1^),  which  increases  the  size  of 
J2  by  1. 

As  mentioned  before,  the  size  of  the  working  basis  changes 
dynamically  from  one  iteration  to  the  next  iteration.  After  updating 
the  partition  in  this  way,  we  update  the  working  basis  inverse.  (A 
detailed  algorithm  will  be  described  later.)  Then  we  repeat  the  same 
steps  at  the  next  iteration  with  the  updated  partition  and  the  updated 
working  basis  inverse,  as  decribed  in  the  algorithm  PPSIMPLEX. 

We  give  an  example  to  illustrate  the  procedure  of  updating  the 
partition  of  a basis. 


Example  4 . 2 

We  consider  the  example  problem  in  Figure  4.1.  Suppose  that  at 
some  iteration  we  are  given  a feasible  basis  B and  its  partition  as 
shown  in  Figure  4. 4. a.  Note  the  submatrix  T of  B is  a BUT  matrix.  We 
also  suppose  that  x^  is  the  entering  variable  and  x^  is  the  leaving 


variable. 
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Since  x^  leaves  the  basis,  deletion  of  the  column  of  x^  from  B 

destroys  the  BUT  property  of  T.  Note  that  the  column  of  x^  is  the  9th 

column  in  T.  In  order  to  maintain  the  BUT  property,  we  can  move  the  9th 

row  in  T (i.e.,  RN(v^),  whose  defining  variable  is  x^)  from  1^  to  I^. 

By  doing  so,  the  BUT  property  of  T is  maintained  but  the  size  of  I is 

increased  by  1.  Instead,  we  check  if  the  BUT  property  can  be  restored 

by  moving  a column  in  J_  (i.e.,  one  of  the  columns  of  x„,  x_ , and  s._) 

^ 7 5 10 

to  and  rearranging  the  rows  and  the  columns  in  the  resulting  T.  (A 
procedure  for  this  test  will  be  discussed  later.)  It  turns  out  that  we 
can  move  the  column  of  x^  from  to  and  restore  the  BUT  property 
after  the  "proper"  rearrangement  of  the  rows  and  the  columns  in  T.  The 
resulting  matrix  is  illustrated  in  Figure  4.4.b. 

Now  we  do  a similar  test  with  respect  to  the  entering  variable. 

We  check  if  we  maintain  the  BUT  property  by  inserting  the  column  of  the 
entering  variable  x^  into  J^,  moving  a row  in  to  I , and  rearranging 
the  rows  and  the  columns  in  the  resulting  T.  (The  procedure  for  this 
test  is  the  same  as  the  procedure  for  the  leaving  variable.)  It  turns 
out  that  if  we  move  RC(e^)  from  to  1^  and  insert  the  column  of  the 
entering  variable  x^  into  J^,  then  we  can  maintain  the  BUT  property  by 
rearranging  the  rows  and  the  columns  in  T.  The  resulting  matrix  is 
illustrated  in  Figure  4.4.c. 

Then  the  partition  in  Figure  4.4.c  is  the  new  partition  to  be  used 
at  the  next  iteration.  In  this  particular  example,  the  size  of  working 
basis  is  decreased  by  1 . g 


Since  the  concept  of  the  dynamic  working  basis  is  fundamental  in 
the  development  of  the  proposed  partitioning  simplex  method,  we 
formalize  the  idea  of  updating  the  partition  at  Step  6 of  the  algorithm 
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PPSIMPLEX.  We  let  a procedure,  called  DETECT (success, I, J) , be  an 
algorithm  which  returns  success  = "yes"  if  we  can  detect  a BUT  matrix  by 
arranging  the  rows  in  I and  the  columns  in  J.  For  the  time  being,  we 
consider  the  procedure  as  a black  box.  We  will  design  the  procedure 
DETECT  later. 

Step  6 of  the  algorithm  PPSIMPLEX 
Procedure  DETECT ( success , I ,J) 

BEGIN 

IF  we  can  detect  a BUT  matrix  by  rearranging  the  rows  in  I and 
the  columns  in  J THEN 
Set  success  = "yes"; 

ELSE 

Set  success  = "no"; 

ENDIF 

END  (of  DETECT) 

Procedure  PARTITI0N1  {update  with  respect  to  the  leaving  variable} 
BEGIN 

IF  the  leaving  variable  is  in  12(B)  THEN 
Delete  the  leaving  variable  from  12(B); 

ELSE  {the  leaving  variable  is  in  I (B)} 

FOR  each  column  in  12(B)  DO 

Let  Y denote  the  current  column  in  12(B)  considered  now; 

Detect (success,  I^(B),  I^(B)  \ {leaving  variable}  U {1}  ); 

IF  success  = "yes"  THEN 

Move  Y from  12(B)  to  I.(B); 

Delete  the  leaving  variable  from  I (B) ; 


RETURN; 
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END  IF 
ENDFOR 

{We  resort  to  an  "unfavorable"  way} 

Delete  the  leaving  variable  from  J^(B); 

Move  the  row  whose  defining  variable  is  the  leaving  variable 

from  I (B)  to  I_ (B) ; 

END  (of  PARTITI0N1 ) 1 <L 

Procedure  PARTITI0N2  {update  with  respect  to  the  entering  variable} 
BEGIN 

FOR  each  row  in  12(B)  DO 

Let  Y denote  the  current  row  in  12(B)  considerd  now; 

Detect ( success , I^(B)  U {T},  J^(B)  U {entering  variable}); 

IF  success  = "yes"  THEN 

Move  T from  12(B)  to  I^(B); 

Insert  the  column  of  the  entering  variable  into  J (B) ; 
RETURN ; 

END  IF 
ENDFOR 

{We  resort  to  an  "unfavorable"  way} 

Add  the  entering  variable  to  12(B); 

END  (of  PARTITI0N2) 

BEGIN  (of  Step6) 

Partitionl; 

Parti tion2 ; 

END. 

Here,  Procedures  PARTITI0N1  and  PARTITI0N2  are  the  procedures  of 
updating  the  partition  with  respect  to  the  leaving  variable  and  the 
entering  variable  respectively. 
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In  what  follows,  we  provide  an  algorithm  DETECT  and  justify  its 
validity.  Before  addressing  the  design  of  an  algorithm  DETECT,  we  make 
some  observations  to  simplify  the  analysis. 

Observation  1 

We  do  not  have  the  case  where  a row  RC(e)  for  some  arc  e is  in  I 
and  the  column  of  the  slack  variable  sg  is  in  J^,  since  if  so  we  can 
move  the  row  RC(e)  and  the  column  of  sg  to  1^  and  J respectively 
without  destroying  the  BUT  property  and  thus  reduce  the  size  of  the 
working  basis. 

Observation  2 

We  do  not  have  the  case  that  a row  RC(e)  for  some  arc  e is  in  I 
and  the  column  of  the  slack  variable  sg  is  in  J . If  so,  the  portion  of 
the  column  of  sg  in  T is  a zero  vector,  contradicting  the  assumption  of 
the  nonsingularity  of  T. 

Observation  3 

If  s is  basic,  then  the  RC(e)  must  be  in  I . (By  Observation  1, 

if  s is  in  J , then  RC(e)  cannot  be  in  I_.  By  Observation  2,  if  s is 
e ^ z e 

in  , then  RC(e)  cannot  be  I^.) 

Given  a basis  B and  its  partition  I^B)  and  J (B)  , i = 1,  2,  we 
now  classify  the  arcs  for  the  clarity  of  exposition,  based  on  the  above 
observations  and  the  BUT  property.  We  assume  that  the  upper  bounded 
variable  technique  is  used  with  respect  to  the  arcs  in  E \ F.  Table  4.1 
shows  the  classification  of  arcs.  (The  root  arc  is  omitted  in  the 
classification,  since  it  is  always  in  the  basis  and  thus  will  be  out  of 
consideration  in  the  basis  update.  We  will  always  keep  RN(D)  and  x°  in 


Table  4.1  Classification  of  arcs  given  a partition  of  basis 


type  arc  e 6 F 


arc  e € E\F 


1 


2 

3 

4 


5 


6 


7 


8 


x nonbasic  (x  = 0) 
e . . . ' e 

s basic  in  J. 

e 1 

RC(e)  in  1^ 


xg  basic  in 

s basic  in  J. 

e 1 

RC(e)  in  1^ 

xg  basic  in 
sg  basic  in 
RC(e)  in  1^ 

xg  basic  in 

s basic  in  J„ 
e 2 

RC(e)  in  I 

xg  basic  in 
sg  nonbasic 
RC(e)  in  I 

xg  basic  in  J 
s^  nonbasic 

RC (e)  in  I 

xg  basic  in  J ^ 
s nonbasic 
RC(e)  in  I 


x nonbasic  (x  = 0) 
e e 


x nonbasic  (x  = u ) 
e e e 

x basic  in  J. 
e 1 


x basic  in  J_ 
e 2 


Table  4.2  Invalid  cases 


case 

reason 

x nonbasic 

s nonbasic 
e 

a >0  and 

3®  > 0 
e 

x nonbasic 

s basic  in 
e 

J2 

Observation  1 and 
diagonal  restriction 

x basic  in 

s basic  in 
e 

£ 

J2 

Observation  1 and 
diagonal  restriction 

x basic  in 
s nonbasic 

J2 

diagonal  restriction 

RC(e)  in  1^ 
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1^  and  in  respectively.) 

It  is  easy  to  show  that  the  other  cases  which  are  not  shown  in 
Table  4.1  are  impossible.  Table  4.2  summarizes  the  impossible  cases  and 
the  reasons  why  they  are  not  valid. 

We  now  provide  an  algorithm  DETECT.  Here  we  introduce  an  arc 
(v,D),  called  an  auxiliary  arc,  for  each  v € V^.  We  assign  every 
auxiliary  arc  type  9- 

Procedure  DETECT 

INPUT  a partition  I^(B)  and  J (B)  for  a basis  B,  or  equivalently 
type(e)  for  e i E 

OUTPUT  success  = "yes"  if  we  can  get  a BUT  matrix  from  the  given 
partition  I^(B)  and  J^(B) 

BEGIN 

*  *  * * 

Step  1)  We  get  the  undirected  graph  G = (V,E  ) where  E is  the 

set  of  edges  of  type  3.  7.  and  9,  without  their  directions; 

* 

Step  2)  IF  G is  a spanning  tree 

THEN  let  ST(B)  be  the  "directed"  spanning  tree  rooted  at  the 

supernode  D by  assigning  the  directions  to  arcs 

* 

(pointing  away  from  D)  in  G ; (The  direction  of  each 
arc  in  ST(B)  is  uniquely  determined.) 

ELSE  Set  success  = "no"  and  RETURN; 

END  IF 

Step  3)  Onto  ST(B),  we  add  the  arcs  of  type  5 and  6 after  "reversing" 

their  directions; 

2 

Let  G be  the  resulting  directed  graph; 

2 2 

IF  G is  acyclic  (i.e.,  G has  no  directed  cycle) 
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THEN  Set  success  = "yes"; 
ELSE  Set  success  = "no" ; 
END  IF 

END  (of  Procedure  DETECT) 


We  will  show  that  if  the  procedure  DETECT  returns  success  = "yes", 
then  we  can  obtain  a BUT  matrix  by  arranging  the  rows  in  I^(B)  and  the 
columns  in  J^(B).  (Note  that  the  proposed  procedure  DETECT  is  a 
heuristic  in  a sense  that  it  may  returns  success  = "no,"  but  we  may  get 
a BUT  matrix.  In  fact,  the  proposed  procedure  yields  a sufficient 
condition  for  obtaining  a BUT  matrix.  We  do  not  know  a necessary 
condition  for  getting  a BUT  matrix.  However  the  procedure  for  updating 
a partition  remains  valid,  since  we  can  maintain  the  BUT  property  even 
in  the  case  that  the  procedure  DETECT  returns  success  = "no"  by 
resorting  to  "unfavorable"  alternatives.  Refer  to  Step  6 of  the 
algorithm  PPSIMPLEX  described  above.)  Assuming  the  procedure  DETECT 
returns  success  = "yes",  we  define  the  following  notation: 

ST(B):  the  directed  spanning  tree  defined  in  Step  2, 

AG(B) : the  directed  acyclic  graph  generated  in  Step  3. 

TH(B):  a list  of  nodes  in  AG(B)  in  topological  order  (i.e., 

if  a directed  arc  (v.,v.)  is  in  AG(B),  then  v.  precedes  v. 

i J i J 

in  TH ( B ) ) , 


PRED(v) : the  arc  linking  a node  v and  its  parent  node  in  ST(B), 
(PRED  of  the  root  node  D is  the  root  arc.) 

0S(v)  = { e £ K+(v)  ] The  type  of  e is  5 or  6 } . 


We  call  TH(B)  a thread.  We  say  an  arc  of  type  1,  ....  8 is  reversely 
(naturally)  oriented  if  its  direction  in  AG(B)  is  (not)  reversed  from 
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that  in  the  original  graph  G = (V,E).  Then  every  arc  of  type  5 or  6 is 
reversely  oriented.  Since  D is  the  root  node  in  ST(B) , every  arc  of 
type  9 must  be  reversely  oriented. 


Example  4.1  (Continued) 

Suppose  that  a basis  B is  given  by  the  columns  of  xD,  x_,  x0 , x,_, 

^35 

x6’  X7’  X9’  x10’  XH*  X13’  xl4’  s8’  s10’  S12’  an<^  s13'  Furthermore, 
suppose  that  a partition  of  B is  given  as  follows: 

I1(B)  = { RN's  of  D,  v^,  v2>  v^,  V(.,  and  Vg} 

U { RC’s  of  eg,  eg,  e1Q,  ellt  e12,  and  e13  }, 

I2(B)  = { RN(v4),  RC(e  ),  RC(el4)  }, 

JjL  (B)  = { columns  of  x°,  x,,,  x^  Xg,  xg,  x^,  xn>  x^,  x^, 

Sg,  s12,  and  s^  } , 

J2(B)  = { columns  of  x.  , x_,  and  s^q  }. 

Then  by  the  definition  of  the  type  of  an  arc  in  Table  4.1,  we  determine 

the  type  of  an  arc  e ( E,  as  in  Figure  4. 5 -a.  We  apply  the  algorithm 

* 

DETECT.  We  construct  the  graph  G , which  is  illustrated  in  Figure 

* 

4.5.b.  Since  G is  a spanning  tree,  we  construct  ST(B)  by  assigning  the 


"unique"  direction  to  each  arc  in  G , as  illustrated  in  Figure  4.5.c. 
Arcs  eg,  e^,  and  e^  are  of  type  5 or  6.  Reversing  the  directions  and 
adding  them  onto  ST(B),  we  get  a directed  graph  in  Figure  4.5.d,  which 
is  acyclic.  Hence  we  get  "yes"  as  the  value  of  success.  We  choose  the 
list  (D,v5,v6,v4,v1,vg,v2)  as  TH(B) . Note  that  PRED(v1)  = e^,  PRED(v2) 
= eg.  PRED(Vg)  = e2,  PRED(v4)  = the  auxiliary  arc  (v^.D),  PRED(v^)  = 
e13.  and  PRED(vg)  = el4>  and  that  OS(Vg)  = {eg},  OS(v4)  = {e1(),  en}, 
and  0S(v)  = 0 for  v f v , v^.  Note  that  e2  is  naturally  oriented  and 
e3’  e6’  e9’  eiQ’  ell’  ei 3 * ei4’  and  (v4<0)  are  reversely  oriented. 
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(c)  ST(B) 


(d)  AG (B) 


Figure  4.5  Illustration  of  the  algorithm  DETECT 
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If  the  algorithm  DETECT  returns  success  = "yes",  then  we  can 
actually  get  a BUT  matrix  T by  arranging  the  rows  in  I and  the  columns 
in  from  the  top  to  the  bottom  and  from  the  left  to  the  right 
respectively  as  follows:  (Its  validity  will  be  verified  in  Theorem  4.2 

below. ) 

Step  1)  Put  the  rows  RC(e)  for  arc  e f F of  type  1,  3.  and  4 and 

the  columns'  of  s in  the  same  order, 
e 

Step  2)  As  traversing  nodes  in  the  thread  beginning  with  the  root 
node  D,  do  the  following  for  each  node  v in  the  thread. 

Step  2.1)  If  v is  in  , then  we  put  the  row  RN(v)  after  the 
rows  already  located  and  put  the  column  of  PRED(v) 
after  the  columns  already  located. 

Step  2.2)  For  every  e i 0S(v),  we  put  the  row  RC(e)  and  put  the 
column  of  xg  in  the  same  order  after  the  rows  already 
located  and  after  the  columns  already  located,  respectively. 
We  call  the  above  procedure  by  REARRANGE.  We  can  put  the  procedure 
REARRANGE  in  a more  rigorous  way  as  follows:  For  a row  r in  I and  a 

column  c in  J ^ , let  rn(r)  and  cn(c)  denote  the  row  number  of  the  row  r 
and  the  column  number  of  the  column  c respectively  in  the  new  matrix 
after  the  rearrangement.  We  also  assume  that  "nil"  is  put  after  the 
last  node  in  TH  as  the  end  marker  of  TH.  Then  the  procedure  REARRANGE 
can  be  rewritten  in  the  following  way: 


Procedure  REARRANGE 
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INPUT  a basis  matrix  B,  type(e)  for  e i E,  TH(B) , 0S(v)  for  v £ V 

OUTPUT  the  submatrix  T of  B 

BEGIN 


(Step  1) 

Initialize  count  = 1; 

FOR  each  arc  e € F of  type  1,  3.  4 DO 

Set  rn(RC(e))  = count, 

cn(s  ) = count, 
e 

count  = count  + 1 ; 

ENDFOR 

(Step  2) 

Set  v = D; 

WHILE  v ^ nil  DO 

(Step  2.1)  IF  v € V1  THEN 


(Step  2.2; 

Set  e = PRED(v) , 

rn(RN(v))  = count, 

cn(x  ) = count, 
e . 

count  = count  + 1 ; 

ENDIF 

) FOR  e'  e OS ( v)  DO 

Set  rn(RC(e'))  = count;, 
cn(xe,)  = count, 
count  = count  + 1 ; 

ENDFOR 

Set  v to  be  the  next  node  succeeding  the  current  node  v 

in  the  thread  TH; 

ENDWHILE 

END. 


Example  4.1  (Continued) 
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Applying  the  procedure  REARRANGE,  we  have  the  basis  matrix  in  the 
form  shown  in  Figure  4. 4. a.  Here  the  rows  in  12(B)  and  the  columns  in 
J2(B)  are  rearranged  arbitrarily.  ;| 

Lemma  4.2 

Suppose  the  procedure  DETECT  returns  success  = "yes"'.  Then  we 
have  for  v f V^, 

1)  PRED(v)  has  type  3 or  7 and 

2)  the  defining  variable  of  RN(v)  is  x where  e = PRED(v). 

e 

Proof:  By  Step  1 and  Step  2 of  the  procedure  DETECT,  PRED(v)  has  type 

3.  7.  or  9-  Since  v is  in  V^,  PRED(v)  cannot  be  type  9-  Hence  1)  is 
true.  The  proof  of  2)  follows  immediately  from  Step  2.1  of  the 
procedure  REARRANGE.  Q.E.D. 

The  following  theorem  justifies  the  procedures  DETECT  and 
REARRANGE. 

Theorem  4 . 3 

Given  a basis  B and  its  partition  I_^(B)  and  JL(B),  i = 1,  2, 
suppose  the  procedure  DETECT  returns  "yes"  as  the  value  of  success. 

Then  the  resulting  matrix  T obtained  by  applying  the  procedure  REARRANGE 
is  a BUT  matrix. 

Proof:  To  prove  Theorem  4.3.  we  do  some  preliminary  analysis. 

Lemma  4 . 4 

The  resulting  matrix  T satisfies  the  diagonal  restriction. 

Proof:  It  is  evident  from  Step  1 and  Step  2.2  of  the  procedure 

REARRANGE . Q.E.D. 

Let  p be  the  number  of  arcs  of  type  1 , 3 . or  4 , which  are 
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rearranged  at  Step  1 of  the  procedure  REARRANGE.  Let  T(i,j)  denote  the 
element  of  T.  Let  |T|  denote  the  number  of  rows  in  T. 

Lemma  4.5 

f 1 if  i = j = 1,  2,  . . . , p, 

T(i,j)  = 

10  if  i f j,  1 < i < | T | , and  1 £ j < p. 

Proof:  It  follows  from  the  fact  that  the  column  of  s is  a unit  vector 

e 

and  the  unit  entry  is  located  on  the  diagonal  of  T by  Step  1 of  the 

procedure  REARRANGE.  Q.E.D. 

* 

Let  T be  the  "lower  right"  of  T obtained  by  Step  2 such  that 

* 

T (i,j)  = T(i+p,j+p)  for  i,  j = 1,  2,  ...,  |T|  - p,  as  illustrated  in 
Figure  4.6.  Here  T (i,j)  denotes  the  (i,j)  entry  of  T . For 
simplicity  of  notation,  let  q = |T|  - p. 

Lemma  4.6 

* 

T is  a block  upper  triangular  matrix. 

Proof:  Noting  that  v = D is  the  first  node  considered  at  Step  2,  we 

* * 

have  T (1,1)  = 1 , and  T (i,l)  = 0 fori  > 1.  We  now  consider  a node  v 

other  than  D.  Let  an  arc  e be  PRED(v). 

Case  1)  e is  reversely  oriented: 

Since  e is  reversely  oriented,  v is  the  from-node  of  e.  If  v is 

* 

in  V2,  then  RN(v)  is  in  I2  and  thus  not  in  T . Else  if  v is  in  V , then 

th  * 

suppose  RN( v)  is  the  j row  of  T . Let  w be  the  to-node  of  e.  Then  by 

* * 

Step  2.1,  T (j,j)  = +1.  We  show  that  T (i,j)  = 0 for  every  i > j.  The 

* 

rows  in  T which  include  xg  are  RN(v),  RN(w),  and  RC(e')  for  every  e’  € 

0S(w).  Since  e is  reversely  oriented,  w precedes  v in  TH(B) . Hence,  if 

w is  in  , then  RN(w)  is  located  above  the  row  j by  Step  2.1.  Else  if 

* 

w is  in  V2,  then  RN(w)  is  in  I2(B)  and  thus  not  in  T . Since  w precedes 
v in  TH(B) , RC(e')  for  e'€  0S(w)  are  located  above  the  row  j.  Thus 
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slack 


variables 


Figure  4.6  The  submatrix  T 
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* 

T ( i , j ) = 0 for  every  i > j . 

We  now  consider  the  arcs  in  0S(v) . By  Step  2.2,  the  RC's  of  these 

arcs  are  located  consecutively.  Suppose  for  an  arc  e"  e OS (v) , RC(e") 

th  * 

is  located  as  the  j ' row  of  T . Since  e"  is  revesely  oriented  for 

* 

each  e"  6 0S(v),  we  have  by  the  same  argument  as  above,  T (i,j')  = 1 if 
i = j ' , and  0 if  i > j ' . 

Case  2)  e is  naturally  oriented: 

Since  e is  naturally  oriented,  v is  the  to-node  of  e and  v is  in 

th  * 

. Suppose  that  RN(v)  is  the  j row  of  T and  that  0S(v)  consists  of 

e1,  e2,  ...,  ek>  Then  by  Steps  2.1  and  2.2,  RC(e’)  for  e'  £ 0S(v)  are 

located  consecutively  at  the  rows  j + 1 j+k.  Then  we  get  a primary 

diagonal  block  as  illustrated  in  (4.2.1).  Let  w be  the  from-node  of  v. 

Since  e is  naturally  oriented,  w precedes  v in  TH(B)  and  thus  RN(w)  is 

th 

located  above  the  j row  or  in  I2<  Similarly  since  each  e'  € 0S(v)  is 

reversely  oriented,  to(e')  precedes  fr(e')  = v in  TH(B)  and  thus  RC(e") 

th 

is  located  above  the  j row  for  each  e"  £ 0S(to(e')).  Thus  we  have 

* 

T ( i , j ' ) = 0 for  each  ( i , j ’ ) such  that  i > j+k  and  j < j ’ £ j +k . 

Since  the  node  v we  considered  is  arbitrary,  the  proof  is 
complete.  Q.E.D. 

Lemma  4.7 

Let  T be  the  BUT  matrix  obtained  by  the  procedure  REARRANGE.  If 
and  only  if  PRED(v)  is  naturally  oriented,  we  have  a primary  diagonal 
block  of  size  (|0S(v)|  + 1)  x ( | OS ( v) | + 1)  in  T such  that  the  block 
consists  of  the  rows  RN(v)  and  RC(e')  for  all  e'  6 0S(v)  and  the  columns 
°f  XPRED (v)  and  xe ' for  a11  e'  € 0S(v). 

Proof:  It  follows  immediately  from  Case  2 in  the  proof  of  Lemma  4.6 


Q.E.D. 
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Lemma  4 . 8 

Each  block  in  T is  a nonsigular  primary  diagonal  matrix. 

Proof:  By  Lemma  4.7,  each  block  is  a primary  diagonal  matrix  and  the 

a's  of  a block  are  a . for  all  e'  £ 0S(v)  for  some  v.  Since  £ a , ^ 

e ' £0S (vf 

£ a , , we  get  £ a , < 1 by  Assumption  4.1.  Hence  from  Lemma  4.1, 
e’£K+(v?  e ' £0S ( vf 

the  conclusion  follows.  Q.E.D. 

Proof  of  Theorem  4.3:  By  Lemmas  4.4,  4.5,  4.6,  and  4.8,  it  is  evident 

that  T is  a BUT  matrix.  Q.E.D. 

Theorem  4 . 9 

Let  T be  a BUT  matrix  obtained  by  the  procedures  DETECT  and 

Ir  j-  V* 

REARRANGE.  Let  T be  a matrix  obtained  from  T by  deleting  the  k 
column  and  the  k^  row  f or  k = 1 , 2 , ...,  |T|.  Then 

1)  T is  also  a BUT  matrix  and 

2)  T can  be  represented  by  an  acyclic  directed  graph. 

Proof:  It  is  evident  that  x is  block  upper  triangular,  each  block  of  T 

is  a primary  diagonal  matrix,  and  T satisfies  the  diagonal  restriction. 

Hence  in  order  to  show  1),  it  suffices  to  verify  that  each  block  of  T is 

nonsingular.  By  Lemma  4.8,  each  block  in  T is  associated  with  OS(v)  for 

some  v.  Since  £ a , < 1,  any  block  in  T also  has  £ a , < 1 and  is 
e’£0S(v?  e’£OS(vf 

nonsingular  by  Lemma  4.1.  We  now  show  2).  Let  AG(B)  be  the  acyclic 

graph  associated  with  T.  By  applying  the  procedure  DETECT  to  T , we 

2 

construct  the  directed  graph  G at  Step  3 as  follows: 
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Case  1)  The  row  is  RC(e)  for  some  e: 

Subcase  1.1)  The  defining  variable  of  RC(e)  is  xg: 

Since  the  column  of  x is  the  column,  we  delete  e from  AG(B). 
Subcase  1.2)  The  defining  variable  of  RC(e)  is  sg: 

If  e has  type  1 in  T,  then  e is  not  in  AG(B)  and  thus  we  do 
nothing.  Else  if  e has  type  3 in  T,  then  e becomes  of  type  7 in  T and 
thus  e remains  in  AG(B) . Thus  we  do  nothing. 

Case  2)  The  k*'*1  row  is  RN(v)  for  some  v: 

th 

By  Lemma  4.2,  the  column  of  x^^,  , is  the  k column.  We  delete 

PRED(v) 

PRED(v)  from  AG(B).  Since  RN(v)  is  moved  to  , we  insert  (D,v)  to 
AG(B) . 

2 2 
Let  G be  the  resulting  graph.  It  can  be  easily  verified  that  G 

is  the  directed  graph  obtained  at  Step  3 when  we  apply  the  procedure 

DETECT  to  T^.  Evidently  G^  is  acyclic.  Hence  2)  is  proved.  Q.E.D. 

By  Theorem  4.3,  we  can  construct  a BUT  matrix,  given  AG(B)  and 

TH(B) . This  procedure  will  be  the  backbone  for  the  primal  partitioning 

method  to  be  explained  in  detail  later. 

At  the  first  iteration  of  the  primal  partitioning  simplex  method, 

we  start  with  a partition  which  satisfies  the  condition  in  Theorem  4.3. 

To  choose  a starting  basis,  we  set  every  xg  = 0 and  introduce  artificial 

arcs  connecting  each  source  node  to  the  super-sink,  D.  We  let  every 

artificial  arc  have  a = 0 and  3 = «.  We  select  all  the  artificial  arcs 

and  get  a spanning  tree  by  choosing  some  other  arcs.  Then  the  arcs 

chosen  in  this  way  constitute  a starting  basis.  It  is  clear  that  this 

starting  basis  has  ^ = 0 and  has  only  arcs  of  type  1 or  3-  If  we 

apply  the  procedure  DETECT,  then  we  are  successful  in  obtaining  an 

acyclic  directed  graph,  which  is  nothing  more  than  the  directed  spanning 
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tree.  Theorem  4.3  implies  that  this  basis  matrix  can  surely  be 
rearranged  into  a BUT  matrix. 

At  each  iteration,  given  an  entering  variable  and  a leaving 
variable  we  update  the  partition  so  that  the  new  partition  has  a BUT 
submatrix  T represented  by  an  acyclic  directed  graph  by  Theorem  4.3  and 
Theorem  4.9- 

4.2.2  Entering  Variable  and  Leaving  Variable 

In  this  section,  we  discuss  how  to  get  the  dual  variables,  the 
reduced  costs,  an  entering  variable,  the  updated  column  of  the  entering 
variable,  and  the  leaving  variable,  given  a feasible  basis  B and  its 
partition.  This  corresponds  to  Steps  1 - 5 of  the  algorithm  PPSIMPLEX 
described  in  Section  4.1. 

As  a preliminary  analysis,  we  disucss  how  to  solve  x*L  = c or 
L-y  = b for  a nonsingular  primary  diagonal  matrix  L. 

Block  equations 

Suppose  we  are  given  a nonsingular  primary  diagonal  matrix  L; 
i.e.,  for  some  nonngetive  integer  k and  real  numbers  a . ' s with 

l 

1 ' 

0 
0 
0 


k 

E a f 1, 
i=l 


-1 


1 1 
1 0 
0 1 

1 

0 


1 


It  can  be  shown  that  the  inverse  of  L is  given  as  follows: 


-1 


(4.2.2) 


k 

- £ 
i=l 


(4.2.3) 


= 1/M 
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M1 

al 
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. al 

1 
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• • 
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“ak 
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ak 
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• • 

* Mk  - 

a . 

and  u 

_ 

M + 

a . , 

i 

= 1, 

. . ,k. 

i 

1 

l 

+ a . 

l 

in  (4.2 

• 2), 

we 

also  get 

' -1 

1 

1 

• 

• 

1 

■ 

o 

o 

0 

• 

0 

"al 

“l 

al 

• 

• 

al 

0 1 

0 

• 

0 

~a2 

«2 

a2 

• 

• 

«2 

+ 
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• 

• 

• 

♦ 
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• 

0 

• 

♦ 

• 

• 

• 

• 

• 

• 

- ”ak 

“k 

ak 

• 

• 

“k 

0 

0 

1 

Since  the  inverse  is  of  a special  structure,  it  is  easy  to  solve  the 
linear  equations 

x L = c , or  Ly=b. 

The  following  is  an  algorithm  for  solving  x L = c in  0(k)  time. 


Procedure  BL0CK1 

INPUT  k:  the  number  of  rows  in  the  block  minus  one, 

on,  i = 1,  ...,  k:  entries  in  a nonsingular  primary  diagonal 

matrix  L 


c:  lx (k+1 ) vector  (c^.c^ , . . . , c^) 
OUTPUT  x = (xQ,x  x ) = c L_1 


BEGIN 
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Set  m = 1, 
z = cQ; 

FOR  i = 1 TO  k DO 

Set  jj  = jj  - a^, 

z = z + a . -c . ; 

i i 

ENDFOR 

Set  Xp  = -z/jj; 

FOR  i = 1 TO  k DO 

Set  x . = -xn  + c . ; 
i 0 i 

END. 

We  can  also  solve  L y = b by  the  following  algorithm  in  0(k)  time. 
Procedure  BL0CK2 

INPUT  k:  the  number  of  rows  of  the  block  minus  one, 

i = 1,  ....  k:  entries  in  a nonsingular  primary  diagonal 

matrix  L, 

b:  a (k+1 ) xl  vector  (b^b.^ , . . . ,bk) t 
OUTPUT  y = (y0,y1,...,yk)t  = L_1  b 
BEGIN 

Set  jj  = 1, 

z = "bo; 

FOR  i = 1 TO  k DO 
Set  jj  = m - on, 
z = z + b . ; 

l 

ENDFOR 

Set  yQ  = z/jj; 


FOR  i = 1 TO  k DO 


1>)0 


Set  = y0  “i  * V 


END. 


Now  we  discuss  how  to  get  the  values  of  the  dual  variables. 


Dual  Variables 

B 12 

Let  c = [c  ,c  ] be  the  cost  vector  corresponding  to  the  basic 

12  B -1 

variables.  We  will  get  the  dual  variable  vector  ir  = [ir  , ir  ] = c *B 

2 

We  shall  see  in  Section  4.2.4  that  ir  is  updated  together  with  the 

-1  2 
working  basis  inverse  Q . So  we  now  assume  that  the  value  of  ir  (i.e., 

irnode(v)  for  v i V ^ and  irarc(e)  for  e of  type  7 and  8)  is  known  and  will 

1 12-1 

elaborate  on  how  to  get  ir  = (c  - ir  H)T  . (See  the  algorithm  DUAL  in 
Section  4.1.) 

1 12-1 

The  equation  ir  = (c  - ir  H)T  is  equivalent  to 


(4.2.4) 


12  1 
ir  T + ir  H = c , or 

ir* 1  T = c1  - ir2  H, 


which  is  easy  to  solve  since  T is  a block  upper  triangular  matrix. 

We  first  give  insight  into  the  computation  of  the  dual  variables. 

1 12 

Note  that  ir  T = c - ir  Hisa  system  of  equations  and  each  column  of  T 

corresponds  to  one  equation  of  this  system  of  equations.  By  using  the 

fact  that  T is  block  triangular,  we  solve  sequentially  the  "equation  of 
th 

the  j column  of  T,"  j = 1,  2,  ...,  |T|.  For  a column  of  T,  say  the 
column,  which  does  not  cross  a block,  we  get  the  dual  variable  for 
the  jth  row  easily,  as  illustrated  in  Figure  4. 7. a.  (When  we  get  the 
dual  variable  for  the  jt^1  row,  we  know  the  dual  variables  for  the  rows 


1,  2,  ...,  j-1,  and  the  rows  in  I^B),  which  correspond  to  the  dual 
variables  for  the  shaded  area  in  Figure  4.7-a.)  If  the  column  j crosses 
a block,  we  simultaneously  get  dual  variables  of  the  rows  associated 
with  this  block  by  solving  "block  equations"  with  the  procedure  BL0CK1 , 


l4l 


(a) 


(b) 


Figure  4.7 


Computation  of  ir 
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as  illustrated  in  Figure  4.7-b.  (When  we  solve  the  "block  equations" 
associated  with  a block  in  Figure  4.7-b,  we  know  the  dual  variables 
associated  with  the  shaded  area.) 

1 2 

Now  we  present  an  algorithm  for  computing  tt  given  the  value  of  ir 
in  detail.  For  convenience,  we  define  some  notation: 

imode(v):  the  entry  of  it  corresponding  to  the  flow  conservation 
equation  of  a node  v € V, 

TTcap(e):  the  entry  of  tt  corresponding  to  the  capacity 
constraint  of  an  arc  e £ F, 

K (v)  = { e 6 E { v = fr(e);  i.e.,  e = (v,w)  for  some  w £ V}, 

K^+ (v)  = { e f K+(v)  ! e is  of  type  7 or  8;  i.e.,  RC(e)  is  in  I^}, 
c(e)  = the  entry  of  c corresponding  to  xg. 

For  expository  simplicity,  we  adopt  the  notational  convention 
subsequently  that 

(4.2.5)  ircap(e)  = 0 for  e € E \ F. 

We  observe  that 

(4.2.6)  ircap(e)  = 0 for  every  e £ F such  that  sg  is  basic; 

i.e.,  e is  of  type  1,  3.  4,  or  5- 

Then  using  (4.2.5),  (4.2.6),  and  the  definition  of  K+  reduces  (4.2.4)  to 

(4.2.7)  7Tnode(fr(e) ) - irnode(  to(e) ) + ircap(e)  - £ a , Trcap(e’)  = c1(e) 

e ' f K+ ( to (e) ) 

for  each  arc  e such  that  x € J. . 

e 1 

From  (4.2.6),  we  have  ircap(e')  = 0 for  e'  6 K+(v)\[0S(v)  U K].  + (v)]. 

Hence  £+  a , ircap(e')  = £ a , ircap(e')  + £ a , ircap(e'), 

e ' £K+  ( vf  e’fOS(vf  e'€K;[+(v)e 

from  which  (4.2.7)  can  be  given  as 

(4.2.8)  irnode(fr(e) ) - TTnode(to(e) ) + TTcap(e)  - £ a , ircap(e') 

^ e' fOS(tofe) ) 

= £ « , ircap(e' ) + c (e) , 

e'CKj.  (to(e)j 

for  each  arc  e such  that  x 6 J. . 

e 1 
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Equation  (4.2.8)  is  the  fundamental  equation  to  used  in  computing  the 
dual  variables  below. 

First  we  get  irnode(D)  = 0.  Then  as  we  traverse  each  node  v € V 
along  the  thread,  we  get  irnode(v)  and  ircap(e)  for  e 6 0S(v)  . Let  e*  = 
PRED(v) . 

If  e*  is  reversely  oriented;  that  is,  v = fr(e*) , then  we  can 
easily  get  irnode(v)  and  ircap(e)  for  e i 0S(v)  as  follows:  If  v is  in 
V 2 ’ tfnode(v)  is  already  known.  If  v is  in  , then  we  get  from  (4.2.8) 

(4.2.9)  irnode  (v)  = irnode ( to ( e* ) ) + ircap(e*)  - E a , ircap(e') 

e’€0S(fo(e*)) 

E « , ircap(e')  + c^(e*). 
e' 6K^+(to(e*f ) 

After  getting  irnode(v)  by  (4.2.9),  we  get  from  (4.2.8)  for  each  e 
£ OS ( v) , 

(4.2.10)  Trcap(e)  = - irnode(v)  + irnode ( to ( e ) ) - E a , ircap(e') 

e'60S(to(e) ) 

E a ircap(e'  ) + c1(e)  . 

e'^Kj  (to(ej) 

On  the  other  hand,  if  e*  is  naturally  oriented;  that  is,  v = 
to(e*),  then  we  have  a primary  diagonal  block  associated  with  0S(v) . 

(See  Lemma  4.7-)  In  this  case,  we  have  from  (4.2.8) 

(4.2.11)  - irnode(v)  - E a ircap(e)  = - irnode  ( fr  (e* ) ) - ircap(e*) 

e60S ( v) e 

+ E a , ircap(e')  + c (e*)  , 
e'CK^iv)8 

(4.2.12)  irnode (v)  + ircap(e)  = irnode ( to ( e) ) - E a „ ircap(e”) 

e"€0S( to(e) ) 

+ ? « « ^cap(e")  + c1(e), 

e"€KI  (to(e)T 

for  each  e £ 0S(v) . 

We  can  get  the  values  of  irnode(v)  and  ircap(e)  for  e 6 0S(v),  by  using 
the  procedure  BL0CK1  with  the  following  input  and  output: 


m 


(4.2.13) 


INPUT:  k = |OS(v)|,  on  = ag,  = the  right  side  of  (4.2.11), 

ci  = the  right  side  of  (4.2.12), 

OUTPUT:  Xq  = Trnode(v),  x_^  = ircap(e). 


From  the  above  analysis,  we  end  up  with  an  algorithm  for  computing 

1 2 
the  value  of  ir  , given  the  value  of  ir  . 


Algorithm  PI 

INPUT  ir2,  c1,  H,  T 

OUTPUT  tt1  = (c1  - ir2  H)  T_1 

BEGIN 

Set  jrnode(D)  = 0; 

Set  v to  be  the  next  node  succeeding  D in  TH; 

WHILE  v j-  nil  DO 
Set  e*  = PRED(v) ; 

IF  e*  is  reversely  oriented  THEN 

IF  v E THEN  {i.e.,  e*  is  not  an  auxiliary  arc} 

Get  irnode(v)  by  (4.2.9); 

END  IF 

FOR  each  e £ 0S(v)  DO 
Get  ircap(e)  by  (4.2.10); 

ENDFOR 

ELSE  {e*  is  naturally  oriented} 

Get  irnode(v)  and  ircap(e)  for  e £ 0S(v)  by  the  procedure  BL0CK1 
with  the  input  and  output  as  in  (4.2.13); 

END  IF 

Set  v to  be  the  next  node  succeeding  the  current  node  v in  TH. 
ENDWHILE 


END. 
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Selection  of  Entering  Variable 

For  notational  simplicity,  we  define 

(4.2.14)  irsum(w)  = £ a , Trcap(e'). 

e ' €K+ ( wf 


Suppose  that  a and  c denote  the  coefficient  column  in  the 
constraint  and  the  cost  coefficient  of  some  nonbasic  variable 
respectively.  Based  on  the  reduced  cost,  ir-a  - c,  of  a nonbasic 
variable,  we  get  the  following  test,  as  in  a standard  simplex  method. 

We  define 


| e = (v,w)  is  of  type  1 and 

tnode(v)  - imode(w)  - irsum(v)  - c(e)  > 0 }, 
= { xe  ! e = (v,w)  is  of  type  2 and 

irnode(v)  - Trnode(w)  - irsum(v)  - c(e)  < 0 }, 


Q_  = { s I e is  of  type  6,  7.  or  8 and  irarc(e)  > 0 }. 

8 ® 

If  U U Qg  = 0>  then  the  current  basis  is  optimal  and  thus  stop. 
Otherwise,  we  choose  one  element  in  U U Qg  as  the  entering 
variable . 


Example  4.1  (Continued) 

2 

We  assume  that  ir  = (irarc  (e^)  ,irarc(e_,)  , Trnode(v^) ) = (0,  27.5,  0) 

is  given.  Note  that 

D 


Sg  s12  s13  x x13  x^  x1Q  xn  Xg  x2  x^  Xg 

c1  = (0,  0,  0,  0,  1,  5,  -1,  0,  -1,  1,  4,  -2)  and  TH(B)  = 

(D , v^ , Vg , v^ , v^ , Vg , v2) . We  apply  the  algorithm  PI. 

First  we  set  irnode(D)  = 0.  Node  vn  is  the  next  node  succeeding  D 

5 

in  TH(B),  and  PRED(v,_)  = e.  _ is  reversely  oriented.  Since  e.  - is  not  an 

5 id  18 

auxiliary  arc,  we  get  irnode(vr.)  by  (4.2.9).  Noting  that  to(e1_)  = D, 

5 15 

ircap(e^g)  = 0 by  (4.2.6),  0S(D)  = 0,  K^+(D)  = 0,  and  c^(e^g)  = 1,  we  get 
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irnode(v^)  - 1 by  (4.2.9).  Node  is  the  next  node  succeeding  v,_  in 
TH(B)  . Likewise,  we  get  irnode(vg)  = 5. 

We  now  consider  v^ , the  next  node  succeeding  in  TH(B) . Since 
PRED(v^)  = (v^ ,D)  is  an  auxiliary  arc,  we  already  know  the  value  of 
TTnode(v^)  = 0 by  the  assumption.  Since  OS(v^)  = {e1Q,  e1 1 } , we  get 


'11J 


irarc(e10)  and  farc(en)  by  (4.2.10).  Noting  that  to(ein)  = v,_ , 0S(v, 


'11 


10' 


0.  Kj  (v^)  = 0,  c ( e^Q ) = -1,  we  obtain  Trarc(e1Q)  = -Trnode( 
irnode(v^)  + c1(e10)  = 0 by  (4.2.10).  Likewise  we  have  to(e 


V + 


11'  = v6’ 


OS(vg)  = 0,  Kj  (vg)  - {e^},  = 0.8,  and  c (e^)  = 0.  from  which  we 


'14 


Trcap(elZl)  + c1(e1 . ) = 5. 


obtain  ircap(e^^)  — ~irnode(v^)  + irnode(v^)  — ^ v^ll' 

We  get  the  dual  variables  for  the  succeeding  nodes  in  TH (B)  in  a similar 
way.  The  result  is  summarized  as  follows: 


node  v PRED(v) 
D 


reversely 

oriented? 


v5 

el3 

yes 

1 

6 

el4 

(>D) 

yes 

5 

v4 

yes 

0 

V1 

e3 

yes 

0 

v3 

e2 

no 

-23-5 

^2 

e6 

yes 

3 

Trnode(v)  ircap(e)  , e60S(v) 
0 


ircap(e10)  = 0,  ircap(en)  = 5 


ircap(e^)  =28.5 


Since  irnode^)  - irnode(v^)  - Trsum(v^)  - c(e1)  = 0 - 1 - 0 - (-3) 

= 2 > 0,  we  choose  x as  the  entering  variable.  (Note  that  irsum(v,_)  = 

1 5 

o.)  1 


« ircap(e1?)  + a ircap(e 

12  13  ^ 


Updated  Column  of  the  Entering  Variable 
1 


Let  a = 


be  the  column  of  the  entering  variable.  We  will 


get  the  updated  column  y = 


r 1 -i 

y 


= B -a  according  to  the  algorithm 


UPDATEC0LUMN  in  Section  4.1.  Refer  to  the  algorithm  UPDATEC0LUMN.  From 


147 


the  computational  viewpoint,  Step  1 can  be  seen  as  a special  case  of 
2 2 

Step  3 with  y = 0.  At  Step  2,  (a  - H*$)  can  be  done  easily,  and 
-1  2 

Q (a  H»$)  can  be  done  by  matrix  multiplication.  Thus,  to  avoid 

redundancy  in  exposition,  we  shall  elaborate  only  on  how  to  get 

y^  = T ^ (a^  - N y2) , given  the  value  of  y . 

1-11  2 

The  equation  y =T  (a  - N y ) is  equivalent  to 

(4.2.15)  T y1  + N y2  = a1,  or 

11  2 
T y1  = a - N y. 


which  is  easy  to  solve  since  T is  block  triangular. 


1 


We  first  give  insight  into  the  computation  of  y . Note  that 
11  2 

Ty  =a  -Ny  is  a system  of  equations  and  each  row  of  T corresponds 

to  one  equation  of  this  system  of  equations.  By  using  the  fact  that  T 

t h 

is  block  triangular,  we  solve  sequentially  the  "equation  of  the  i row 

th 

of  T,"  i = | T | , ...,  2,  1.  For  a row,  say  the  i row,  which  does  not 

cross  a block,  we  get  the  entry  of  y^  for  the  i^  column  easily,  as 

illustrated  in  Figure  4. 8. a.  (When  we  get  the  entry  of  y^  for  the  i^ 

column,  we  know  the  entries  of  y^  for  the  columns  i+1,  i+2 |T|, 

2 

and  y for  the  columns  in  12(B),  which  correspond  to  entries  of  y for 
the  shaded  area  in  Figure  4. 8. a.)  If  the  row  i crosses  a block,  we 
simultaneously  get  the  entries  of  y^  of  the  columns  associated  with  this 
block  by  solving  "block  equations"  with  the  procedure  BL0CK2,  as 
illustrated  in  Figure  4.8.b.  (When  we  solve  the  "block  equations" 
associated  with  a block  in  Figure  4.8.b,  we  know  the  entries  of  y 
associated  with  the  shaded  area.) 

1 2 

Now  we  present  an  algorithm  for  computing  y given  the  value  of  y 
in  detail.  We  define  the  following  notation: 
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1 2 


(a) 


1 2 


(b) 


Figure  4.8 


Computation  of  y 


row 
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a (v) : the  entry  of  a corresponding  to  the  flow  conservation 

equation  of  a node  v £ V, 

1 1 

a (e) : the  entry  of  a corresponding  to  the  capacity 
constraint  of  an  arc  e £ F, 

y (e) : the  entry  of  y corresponding  to  x for  x basic, 
x e e 

y (e) : the  entry  of  y corresponding  to  s for  s basic, 

S 0 0 

K (v)  = { e € E | v = to(e);  i.e.,  e = (w,v)  for  some  w € V }, 

K (v)  = { e f E ! v = fr(e);  i.e.,  e = (v,w)  for  some  w £ V }. 

For  expository  convenience,  we  use  the  convention  subsequently  that 

Iy  (e)  = 0 for  every  nonbasic  x and  auxiliary  arc  x , 
x e e 

y (e)  = 0 for  nonbasic  s . 
s e 

Using  (4.2.16)  and  the  definitions  of  K+  and  K reduces  (4.2.15)  to 

(4.2.17)  - £ y (e)  + Z y (e)  = a^v)  for  v such  that  RN(v)  £ I 

e£K~ (v)X  e€K+(v)X  1 

and 

(4.2.18)  y (e)  + y (e)  - [ _£  y (e')  ] a a^e)  for  arc  e 

e ' £K~ ( f r(ef ) 6 

such  that  RC(e)  £ I . 

Equations  (4.2.17)  and  (4.2.18)  are  the  fundamental  equations  to  be  used 
in  computing  y^  below. 

For  sg  € Jlt  we  can  get  yg(e)  by  (4.2.18)  after  getting  all  the 
values  of  y (e)  for  x £ J. . (For  instance,  we  can  get  y (e)  for  e = 
eg,  e12>  and  e^,  after  getting  all  the  values  of  y^(e)  for  xg  £ in 
the  example  of  Figure  4. 4. a.)  Thus  we  will  get  y (e)  for  x € J.  first. 

X 0 X 

In  what  follows,  we  present  an  algorithm  for  getting  y^1  given  the 
2 

value  of  y (i.e.,  y (e)  for  x £ J_  and  y (e)  for  s E JJ.  We  need  a 

X 0 c.  S 0 

list  called  a reverse  thread,  denoted  by  TH  ^(B),  which  is  the  list  of 
nodes  in  V in  the  sequence  reversed  to  that  of  the  thread  TH(B) . As  we 
traverse  each  node  v i V along  the  reverse  thread,  we  get  y (e) . Let 


e*  = PRED(v) . 
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If  e*  is  reversely  oriented;  that  is,  v = fr(e*) , then  we  can  get 
easily  y (e)  for  e £ 0S(v)  and  y (e*)  as  follows:  For  each  e € 0S(v), 
v = fr(e)  by  the  definition  of  OS.  Hence,  we  get  from  (4.2.18), 
for  each  arc  e 6 0S(v) 

(4.2.19)  y (e)  = - y (e)  + [ E y (e')  ] a + a1(e). 

S e' €K~(v)x  e 

(Note  that  in  (4.2.19),  if  sg  is  nonbasic,  then  yg(e)  = 0,  and  else  if 
sg  is  basic,  then  sg  is  in  J ^ since  e is  in  0S(v)  and  has  type  6.  Hence 
in  any  case,  y (e)  is  known). 

After  obtaining  y (e)  for  each  e £ 0S(v) , we  get  y (e*) . If  e*  is 
x x 

of  type  9 (equivalently  v is  in  V , then  yx(e*)  = 0 by  the  convention 
(4.2.15).  Else  we  get  from  (4.2.17) 

(4.2.20)  y (e*)  = T.  y ( e ' ) - E y (e')  + aX(v). 

e’6K  (v)  e’EK  (v)\{e*}X 


On  the  other  hand,  if  e*  is  naturally  oriented;  that  is, 


v = 


to(e*) , then  we  have  a primary  diagonal  block  associated  with  0S(' 
this  case,  we  have  from  (4.2.17)  and  (4.2.18), 


In 


(4.2.21) 


-yx(e*)  + 2 yx(e)  = E_  yx(e’) 


E yx(e’ ) + a (v) , 

e€0S ( v)  e'6K-(v?\{e*}  e ' £K+ (v) \0S ( v) 

(4.2.22)  "yx^e*^*ae  + yx^  = _ys^e^  + E yx^e’^*ae  + al(e)' 

e ' €K~ ( v) \ {e*} 

for  each  e 6 0S(v) . 

We  can  get  the  values  of  y (e*)  and  y (e)  for  e 6 0S(v)  by  using  the 
procedure  BL0CK2  with  the  following  input  and  output: 

INPUT:  k = |0S(v)|,  or  = a^,  b^  = the  right  side  of  (4.2.21), 


(4.2.23)  < 


b = the  right  side  of  (4.2.22), 
OUTPUT:  yQ  = yje*),  y.  = yx(e)  . 


From  the  above  analysis,  we  get  the  following  algorithm  for 


computing  the  value  of  , given  the  value  of  y . 


Algorithm  Y1 

INPUT  y2,  a,  N,  T 

OUTPUT  y 1 
x 

BEGIN 

Set  v to  be  the  first  node  in  the  reverse  thread  TH  "'"(B). 

WHILE  v + D DO 
Set  e*  = PRED (v) ; 

IF  e*  is  reversely  oriented  THEN 
FOR  each  arc  e £ 0S(v)  DO 
Get  Yx(e)  by  (4.2.19) ; 

ENDFOR 

IF  v £ V THEN 

Get  yx(e*)  by  (4.2.20); 

END  IF 

ELSE  { e*  is  naturally  oriented  } 

Get  yx(e*)  and  y (e)  for  e £ 0S(v)  by  the  procedure  BL0CK2 
with  the  input  given  in  (4.2.23); 

END  IF 


Set  v to  be  the  next  node  succeeding  the  current  node  v in  the 

reverse  thread; 


ENDWHILE 

END. 


Determining  the  Leaving  Variable 

We  determine  the  leaving  variable  by  the  ratio  test.  By  (4.2.18) 

we  get  y (e)  for  e € F of  type  3 and  4.  Let  e_  denote  the  arc  e whose 
s hi 

xe  or  se  :‘-s  the  entering  variable.  We  define 
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(-1  if  the  entering  arc  e£  is  of  type  2, 

1 otherwise. 

We  note  that  for  e £ F 

(4.2.24)  s = x(V,v)  a +3  - x 

e e e e 

where  v is  the  from-node  of  e.  (We  can  calculate  sg  by  (4.2.24)  or 

store  and  update  the  value  of  s at  each  iteration.)  For  a saturated 

e 

arc  e £ F;  i.e.,  an  arc  e of  type  6,  7.  and  8,  the  flow  variable  x can 

e 

be  the  leaving  variable  only  if  the  slack  variable  sg  is  the  entering 

variable,  since  x =0  implies  s > 0 by  the  assumption  on  the  capacity 

function  that  ag  > 0 and  p^  > 0.  Similarly  for  an  unsaturated  arc  e £ F 

of  type  1,  the  slack  variable  sg  can  be  the  leaving  variable  only  if  the 

flow  variable  xg  is  the  entering  variable.  These  observations  save  us 

some  effort  for  getting  the  leaving  variable.  We  define 

= min  { xg  / [a  yx(e)]  | cr  yx(e)  > 0, 

and  e is  of  type  3.  4,  or  5 }. 

S2  = min  { sg  / [a  yg(e)]  j a yg(e)  > 0, 

and  e £ F is  of  type  3.  4,  or  5 }, 

63  = min  { (ug  - x&)  / [-a  yx(e)]  j <r  yx(e)  < 0 

and  e £ E \ F is  of  type  3 or  4 } , 

x / y (e„)  if  e £ F is  of  type  6,  7,  or  8,  s enters 
eE  x b h e„ 

and  yx(eE)  > 0, 

= s / y (e  ) if  ec  £ F is  of  type  1,  x enters 
h e s n b ep 

and  y (e  ) > 0, 

S Ei 

u if  eR  £ E \ F is  of  type  1 or  2, 
eE  b 

We  use  the  convention  that  6 (i  = 1,  ....  4)  has  the  value  ® if  its 
minimand  does  not  exist. 

Let  8 = min  { 5^,  8^,  5^,  8^  }.  If  8 = «,  then  there  is  no 
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bounded  optimal  solution  and  thus  stop.  Else  as  the  leaving  variable  we 


choose  the  variable  x or  s which  yields  5.  However,  if  e„  is  of  type 

e e E 

1 { 2 } in  E \ F and  8 = u , then  e remains  nonbasic  with  the  type 

SE  h 

switched  to  2 { 1 } so  that  we  need  not  update  the  partition  of  the 
basis  and  the  working  basis  inverse  to  be  discussed  in  Sections  4.2.3 
and  4.2.4. 


Updating  the  Flow 

We  update  the  flow  x^  to  xg  + a 5 y^(e)  for  every  basic  xg. 
Updating  of  the  flow  is  done  on  the  graph  AG(B)  by  traversing  the 
thread . 


Example  4.1  (Continued) 


We  assume  that  the  working  basis  inverse  Q ^ is  given  as  follows: 

-1 


Q 


0 2.5  0 

-6.25  -.625  0 

1.875  -9375  -1 


We  will  get  the  updated  column  of  the  entering  variable  x^ . Note  that 


r 1 

a 


(0,  -.2,  -.6,  0,  -1,  0,  0,  0,  1,  0,  0,  0 | 0,  0,  0) 


-1 


TH  (B)  = (v2,  v^,  v ^ , v^,  Vg,  v,_,  D)  . 

-11  2 
We  first  get  $ = T a by  applying  the  algorithm  Y1  with  y =0.  The 


following  is  a summary  of  the  result: 
node  v 


v, 

£ 

v„ 


v: 


vt 

v^ 


y^(e) , e 6 0S(v) 


yx(V  ‘ 0 

yK(ei0>  ’ '5'  yX(eil>  ' '2 


y (e*)  ■ e*  = PREP(v) 

yx<e6>  ' ° 

yx(e?)  = ° 
yx<e3>  " 1 

yx;eu»  ■ -2 
yx(e13’  ' ‘-5 


Now  we  get  a - H $ as  follows: 
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a - H $ 


a2  (e^) 

a2(e7) 

2,  i 

a (v4) 


2 yx(e<  > °e  * yx(el4>  ' 

' -.04' 

e’SK  <v6)  14 

Eyx(e,)<,e  * yx<e7> 

e'CK  (v  ) 7 

= 

0 

2 y (e'  ) + Z y (e ’ ) 

— A xA 

-.3 

_e'£K  (v^)  e'CK  (v^) 

Then  we  get  y by 


' yx(e7>  ' 

' 0 ‘ 

-1  ,2  „ , 

yx(e5) 

= Q (a  - H $)  = 

• 25 

. ys(ell>. 

.'•375 

Finally  we  get  y^  by  applying  the  algorithm  Yl.  The  following  is  a 


summary  of  the  computations  at  each  node: 
node  v y ( e ) , e £ OS ( v ) 


y (e*) , e*  = PRED(v) 


yx(V 


0 


V/ 


yx<e10>  = yx<ell>  ' -25 


yx  e6  3 -'25 
yx  e2  * ? 

yx(e3>  = 1 
yx<el4>  * ° 

yx ( e13  = 0 


Now  we  determine  the  leaving  variable.  Since  the  entering  arc  e_  is  of 

E 

type  1,  we  set  a = 1.  We  get 

61  = ”in  { x3/yx(e3K  x5/yx<e5>’  x10/yx(e10>  } 

= min  { 10/1,  35/- 25.  50/1  } = 10. 

We  get  y (e)  for  each  e £ F of  type  3 or  4 by  (4.2.18): 


ys(el3}  = a (e13: 


yx(el3)  + E yx(e'}  ae 

e’€K  (v5)  13 


0. 


Since  the  minimand  for  8^  is  void,  we  have  82=“.  We  also  get  8^  = 8^ 
= «.  Hence  8 = 8^  = 10.  Therefore  x^  is  the  leaving  variable.  We 
update  the  flow  x to  x + 10  y (e)  for  every  basic  x , as  illustrated 

0 0 X 0 


in  Figure  4.9. 
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entering  arc 


Figure  4.9  Updating  the  flow 


4.2.3  Updating  the  Partition 
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In  this  section,  given  the  entering  variable  and  the  leaving 
variable,  we  will  reconfigure  the  partition  of  the  basis,  so  that  the 
submatrix  T of  the  new  partition  still  satisfies  the  BUT  property,  while 
trying  to  keep  the  size  of  T as  large  as  possible.  This  section 
corresponds  to  Step  6 of  the  algorithm  PPSIMPLEX  in  Section  4.1. 

The  basic  idea  of  updating  the  partition  was  introduced  in  Section 

4.2.1.  We  will  specialize  the  basic  procedure  described  in  Section 

4.2.1,  in  each  case  of  the  entering  variable  and  the  leaving  variable. 
(If  the  reader  is  not  interested  in  the  specialization  of  the  basic 
procedure,  this  section  and  Appendix  C can  be  skipped.) 

For  clarity  of  exposition,  we  restate  the  basic  procedure  of 
updating  the  partition  described  in  Section  4.2.1. 

Step  6 of  the  algorithm  PPSIMPLEX 

Procedure  PARTITI0N1  {update  with  respect  to  the  leaving  variable} 
BEGIN 

IF  the  leaving  variable  is  in  12(B)  THEN 
Delete  the  leaving  variable  from  12(B); 

ELSE  {the  leaving  variable  is  in  1(B)} 

FOR  each  column  in  12(B)  DO 

Let  Y denote  the  current  column  in  12(B)  considered  now; 
Detect (success , I^(B),  1(B)  \ {leaving  variable}  U {f}  ); 

IF  success  = "yes"  THEN 

Move  Y from  ^(B)  to  I^(B); 

Delete  the  leaving  variable  from  I^(B); 

RETURN ; 


END  IF 


ENDFOR 
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{We  resort  to  an  "unfavorable"  way} 

Delete  the  leaving  variable  from  J (B)  ; 

Move  the  row  whose  defining  variable  is  the  leaving  variable 

from  I (B)  to  I_(B); 

END  (of  PARTITI0N1 ) 1 <L 

Procedure  PARTITI0N2  {update  with  respect  to  the  entering  variable} 
BEGIN 

FOR  each  row  in  12(B)  DO 

Let  Y denote  the  current  row  in  12(B)  considerd  now; 

Detect (success , I^(B)  U {!},  J^(B)  U {entering  variable}); 

IF  success  = "yes"  THEN 

Move  Y from  12(B)  to  I^(B); 

Insert  the  column  of  the  entering  variable  into  J (B)  ; 
RETURN; 

END  IF 
ENDFOR 

{We  resort  to  an  "unfavorable"  way} 

Add  the  entering  variable  to  ^(B); 

END  (of  PARTITI0N2) 

BEGIN  (of  Step6) 

Partitionl ; 

Partition2 ; 

END. 

We  also  proposed  a "graph-based"  algorithm  for  the  procedure  DETECT  in 
Section  4.2.1.  We  restate  the  procedure  DETECT  for  expository  clarity. 


Procedure  DETECT 
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INPUT  a partition  I (B)  and  J\(B)  for  a basis  B,  or  equivalently 
type(e)  for  e € E 

OUTPUT  success  = "yes"  if  we  can  get  a BUT  matrix  from  the  given 
partition  I^(B)  and  J^(B) 

BEGIN 

* * * 

Step  1)  We  get  the  undirected  graph  G = (V,E  ) where  E is  the 

set  of  edges  of  type  3.  7 , and  9.  without  their  directions; 

* 

Step  2)  IF  G is  a spanning  tree 

THEN  let  ST(B)  be  the  "directed"  spanning  tree  rooted  at  the 

supernode  D by  assigning  the  directions  to  arcs 

* 

(pointing  away  from  D)  in  G ; (The  direction  of  each 
arc  in  ST(B)  is  uniquely  determined.) 

ELSE  Set  success  = "no"  and  RETURN; 

END  IF 

Step  3)  Onto  ST(B) , we  add  the  arcs  of  type  5 and  6 after  "reversing" 

their  directions ; 

2 

Let  G be  the  resulting  directed  graph; 

2 2 

IF  G is  acyclic  (i.e.,  G has  no  directed  cycle) 

THEN  Set  success  = "yes"; 

ELSE  Set  success  = "no"; 

END  IF 

END  (of  Procedure  DETECT) 

To  get  insight  into  the  procedure  of  updating  the  partition,  we 
give  an  example. 

Example  9.3 


Consider  the  basis  matrix  B and  its  partition  in  Figure  9. 4. a. 
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Suppose  s(e13>  leaves  the  basis.  We  delete  the  column  of  s(e13>  from  B. 
Then  the  submatrix  T of  B loses  the  BUT  property.  Note  that  x(e7) . 
x<e  ),  and  s(e1Q)  are  in  J-,(B) . We  use  the  procedure  DETECT  to  check  if 
moving  one  of  xte,) , x<e,.) , and  s(e10>  from  J2  to  ^ can  restore  the  BUT 


property. 

First  consider  e^.  We  move  x(e^)  from  J2  to  J^.  Then  e^  takes 
type  7.  since  RC(e7)  is  in  I2>  x(e?)  is  now  in  J±,  and  s(e?)  is 
nonbasic.  And  e^  takes  type  6,  since  RC(e13)  stays  in  I2,  ^(e^)  is  m 
j and  s(e  ) is  now  nonbasic.  We  apply  the  procedure  DETECT.  At  Step 
1 in  the  procedure  DETECT,  we  construct  G , which  is  a spanning  tree,  as 
illustrated  in  Figure  4. 10. a.  Thereafter,  we  construct  a directed 
spanning  tree  and  add  the  arcs  of  type  5 and  6 on  the  obtained  directed 
spanning  tree.  We  denote  the  resulting  directed  graph  by  G , which  is 
illustrated  in  Figure  4.10.b.  Since  G2  has  a directed  cycle,  we  are  not 
successful  and  thus  we  give  up  the  idea  of  moving  x(e?)  from  J2  to  Jr 
Next,  we  consider  moving  x(e^)  from  J2  to  Then  e,_  takes  type 

3,  since  ec  belongs  to  E \ F and  x(e  ) is  now  in  Jr  Note  that  e^ 
takes  type  6.  We  apply  the  procedure  DETECT.  We  construct  G , as 
illustrated  in  Figure  4.10.C.  Since  G*  is  not  a spanning  tree,  we  are 
not  successful.  Thus  we  do  not  move  x(e5)  from  J2  to 

We  then  consider  e^Q.  We  move  s(e1Q)  from  J2  to  J^.  Then  e1Q 

takes  type  3.  since  RC(e1Q)  is  in  I1,  x(e10)  1S  in  Jl’  and  s^e10^  1S  n°W 
in  J . Note  that  e^  takes  type  6.  We  apply  the  procedure  DETECT.  We 

construct  G* , which  is  a spanning  tree,  as  illustrated  in  Figure  4.10.d. 
Thus  we  construct  a directed  spanning  tree  and  add  the  arcs  of  type  5 
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e 


(b)  G2  for  e 


(c)  G for  ec 
0 


Figure  4.10  Updating  the  partition  with  respect  to 
the  leaving  variable  s(e.^) 
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2 

and  6.  The  resulting  graph,  denoted  by  G , is  illustrated  in  Figure 
2 

4.10.e.  Here  G turns  out  to  be  acyclic.  Hence  we  maintain  the  BUT 
property  by  placing  s(e1Q)  from  J2  to  J1  "permanently,"  which  reduces 

I J2 1 by  1 * I 

Note  that  the  submatrix  T of  the  current  basis  is  represented  by 
an  acyclic  directed  graph.  By  the  procedure  PARTITI0N1,  we  obtain  a new 
acyclic  directed  graph.  Starting  with  this  newly  obtained  acyclic 
graph,  we  obtain,  by  the  procedure  PARTITI0N2 , an  ayclic  directed  graph, 
which  will  be  used  at  the  next  iteration. 

When  we  apply  the  procedure  DETECT  either  in  the  procedure 
PARTITI0N1  or  in  the  procedure  PARTITI0N2 , we  can  exploit  the  fact  that 
the  current  partition  is  represented  by  an  acyclic  directed  graph.  It 
will  be  more  efficient  than  applying  the  procedure  DETECT  from  scratch. 
Furthermore,  for  some  cases  of  the  entering  variable  and  the  leaving 
variable,  we  can  quickly  update  the  partition.  These  cases  will  be 
elaborated  later.  These  two  topics  are  the  main  theme  of  this  section. 

In  order  to  get  more  insight,  we  give  an  example.  Suppose  that 
s(e)  of  an  arc  e of  type  3 leaves  the  basis.  As  described  in  the 
procedure  PARTITI0N1,  we  test  if  a BUT  matrix  can  be  detected  from  a 
matrix  consisting  of  the  rows  in  I^(B)  and  the  columns  in 
J^(B)  \ {leaving  varaible}  U {1}  for  each  column  Y in  J^(B) . Note  that 
the  arc  e is  in  the  current  ST(B)  . In  the  partition  with  I = I^B)  and 
J1  = Ji(B)  \ {leaving  variable}  U {r},  the  arc  e will  take  type  6 since 
x(e)  is  basic  in  , s(e)  is  nonbasic,  and  RC(e)  is  in  1^.  When  we 
construct  the  new  ST(B),  the  arc  e will  be  excluded.  Let  the  arc  e*  be 
defined  such  that  the  column  Y is  the  column  of  either  x(e*)  or  s(e*) . 

Note  that  the  arcs  e and  e*  are  the  only  arcs  whose  types  are 
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changed  from  those  in  the  current  AG(B)  in  the  procedure  DETECT.  Hence 
the  new  ST(B)  can  be  easily  obtained  from  the  current  ST(B) . The 
removal  of  e from  the  current  ST(B)  makes  the  current  ST(B)  be 
partitioned  into  two  subtrees.  We  denote  the  subtree  rooted  at  D by 

TR' (D)  and  the  other  by  TR.  If  e*  does  not  connect  TR  and  TR’ (D) , then 

* 

we  cannot  construct  a new  spanning  tree  G at  Step  1 of  the  procedure 
DETECT.  Hence  instead  of  considering  every  column  Y in  J^B),  we  can 
save  some  effort  by  considering  only  the  arcs  e*  having  x(e*)  or  s(e*) 

in  J2  which  connect  TR  and  TR’(D).  For  an  arc  e*  having  x(e*)  and  s(e*) 

* 

in  J2  which  connects  TR  and  TR'(D),  we  construct  the  new  G by  deleting 

* 

e and  inserting  e*  on  the  current  G . At  Step  2,  we  construct  a 

directed  spanning  tree  by  assigning  the  directions  to  arcs  in  the  new 

* 

G . Since  e takes  type  6 in  the  "tentative"  partition,  it  will  be 

reversely  oriented;  i.e.,  oriented  from  to(e)  to  fr(e) . Let  v*  = fr(e) . 

Let  v'  and  v"  be  two  nodes  incident  to  e*  in  TR  and  TR'(D), 

respectively.  Then  we  note  this  new  directed  spanning  tree  can  be 

obtained  from  the  current  ST(B)  by  orienting  e*  from  v"  to  v'  and 

redirecting  the  "unique"  path  from  v*  to  v'  in  the  current  ST(B) . At 

2 

Step  3 we  get  a new  directed  graph  G by  adding  the  "reversed"  arcs  of 

2 2 

type  5 and  6.  Comparing  the  current  AG(B)  and  G , we  notice  that  G can 

be  obtained  "directly"  from  the  current  AG(B)  by  orienting  e*  from  v"  to 

v'  and  redirecting  the  unique  path  from  v*  to  v'  in  the  current  ST(B) . 

2 

In  addition  to  the  simplicity  in  constructing  G , we  can  also  exploit 

the  fact  that  the  current  AG(B)  is  acyclic,  when  we  check  the  acyclic 
2 

property  of  G at  Step  3 in  the  procedure  DETECT. 


Example  4.3  (Continued) 

We  discuss  Example  4.3  again.  Note  that  v* 


V5  (=  fr(ei3))- 
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Deletion  of  e^  partitions  the  current  ST(ES)  into  TR  and  TR'(D),  as 

illustrated  in  Figure  4.11.b.  Here  v'  = v^  and  v"  = v^.  Recall  that 

e,_,  e_,  and  ein  are  the  arcs  having  x(e)  or  s(e)  in  J..  We  consider 

5 7 1U  ^ 

only  e^  and  e^Q,  since  e,_  does  not  connect  TR  and  TR'(D).  For  example, 

2 

consider  the  case  of  e*  = e^.  We  get  G from  the  current  AG(B)  in 
Figure  4. 11. a by  orienting  e^  from  (=  v")  to  (=  v')  and 
redirecting  the  unique  path  from  (=  v*)  to  (=  v')  in  the  current 
ST(B) . In  this  example,  the  path  from  v*  to  v'  is  void.  | 

We  address  the  following  question  since  it  will  be  encountered 

over  and  over  again  later:  "Given  a directed  graph  obtained  by  adding 

(orienting)  an  arc  and  redirecting  a path  in  an  acyclic  graph,  how  can 

we  test  if  it  is  still  acyclic  or  not?"  As  we  shall  see  it  later,  this 

2 

question  is  equivalent  to  checking  if  G is  acyclic  at  Step  3 in  the 
procedure  DETECT.  We  introduce  several  notation. 

AG  = ( V , E^ ) : an  acyclic  directed  graph, 

j*  , a b,  . , , a b , , , 

e = (v  ,v  ) : an  arc  with  v , v tv, 

v*  : a vertex  in  V. 

Suppose  that  in  AG  there  exists  for  some  integer  n 

, . , , „ * b , * n n-1  2 1 b, 

i)  a directed  path  from  v to  v , (v  = v , v ,...,v,v  = v ) or 

. . , , . , ^ a,*  n n-1  2 1 a, 

n ) a directed  path  from  v to  v , (v*  = v , v , ...,v,v  = v ) , 

where  v^  f va,  v'3,  and  (v^.v3'  € E^  , i = 2 n. 

Let  v^  be  va  {v^}  in  case  i {case  ii}.  Also  let  P(v*;e*)  denote  such  a 

1 2 

directed  path  from  v*  to  v . We  construct  a directed  graph  G (P(v*;e*)) 


from  AG  in  the  following  way: 
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e 


(c)  G for  e*  = e. 


7 


Figure  4.11 


Construction  of  G 


2 


for 
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1)  We  add  the  arc  (v^v1)  to  AG.  (If  there  is  the  arc  (v^v0)  in  AG, 
then  we  override  (v\v^)  by  revering  its  direction.)  And 

2)  reverse  the  direction  of  the  path  P(v*;e*)). 

2 p 

Let  G (P (v* ; e* ) ) denote  the  resulting  graph.  Namely,  G (P(v*;e*))  = 

(V,E2),  where  E2  = E1  \ { (vn,vn_1)  , (vn_1,vn_2),  ....  (v^v0)  } 

U { (v^v1) (vn  2,vn  1),  (vn  1,vn)  }. 

We  say  that  the  arc  e*  covers  the  node  v*  (or  v*  is  covered  by  e*) 

v^a  P(v*;e*)  in  AG  if  G (P(v*;e*))  is  acyclic.  We  just  say  that  the  arc 

e*  covers  the  node  v*  if  P(v*;e*)  is  clear  in  the  context  or  if  P(v*;e*) 

n ^ 

is  degenerate;  i.e.,  v = v . In  Appendix  C,  we  provide  an  efficient 

algorithm  for  checking  if  e*  covers  the  node  v*  via  P(v*;e*).  The 

proposed  algorithm  exploits  the  fact  that  AG  is  acyclic.  Also,  in 

Appendix  C,  an  efficient  algorithm  for  obtaining  the  new  thread  for 
2 2 

G (P(v*;e*))  when  G (P(v*;e*))  is  acyclic  is  also  provided. 

The  following  theorem  will  be  useful  in  the  procedure  PARTITI0N2 . 

Theorem  4 . 10 

We  let  AG,  e* , v* , and  P(v*;e*)  be  defined  as  above.  For  a node  v 
on  the  path  P(v*;e*) ; i.e. , v = v for  some  i = 1,  ....  n,  we  define 
P(v;e*)  to  be  the  subpath  of  P(v*;e*)  from  v to  v1 . Then  the  following, 
is  true: 

If  e*  covers  v*  via  P(v*;e*),  then  e*  also  covers  v via  P(v;e*)  for 
every  v on  P(v*;e*). 

2 

Proof:  By  hypothesis,  G (P(v*;e*))  is  assumed  to  be  acyclic.  Suppose 

that  e*  does  not  cover  v via  P(v;e*).  Then  by  the  definition  of 
2 

"cover,"  G (P(v;e*))  is  not  acyclic.  Let  C be  an  arbitrary  directed 
2 

cycle  in  G (P(v;e*)).  Then  the  directed  cycle  C must  include  at  least 
0 1 12  ill 

one  arc  in  { (v  ,v  ),  (v  ,v  ) , ...,  (v1  .v1)  } and  at  least  one  arc  in 
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{ (vn,vn_1),  (vn_1,vn~2 3 4 5),  ....  (vi+1,vi)  },  since  AG  and  G2(P(v*;e*)) 

are  both  acyclic.  Hence  for  some  k,  j = 1,  2 n-1,  with  k > j, 

there  exists  a directed  subpath  of  C,  say  (vk , w1 , w2 , . . . , wP , vJ' ) , where  p 

is  some  integer  and  wm  6 V,  m = 1,  2,  . ...  p.  Without  loss  of 

generality,  we  can  assume  that  any  wm,  m = 1,  2,  ....  p,  is  not  in 
c 0 1 n,  , k 1 2 p j 

{v  ,v  }.  Then  (v  , w ,w  , ...,w  ,vJ)  is  a directed  path  in 

G2(P(v*;e*)  ) . However,  since  there  is  a directed  path  (vJ  , vJ+1 , . . . ,vk) 
in  G2(P(v*;e*) ) , we  get  a directed  cycle  ( vk , w1 , w2 , . . . , vJ , vJ + 1 , . . . , vk) 


2 p 

in  G (P(v*;e*) ) , contradicting  the  assumption  that  G (P(v*;e*) ) is 


acyclic.  Q.E.D. 

We  now  address  the  main  theme  of  this  section;  i.e.,  how  to 
reconfigure  the  basis  given  the  entering  variable  and  the  leaving 
variable.  Consider  all  the  possible  cases  of  the  entering  variable  and 
the  leaving  variable.  Tables  4.3  and  4.4  illustrate  all  the  possible 
combinations  of  types  of  the  entering  variable  and  the  leaving  variable. 
We  call  the  arc  e whose  x or  s is  the  entering  {leaving}  variable  the 
entering  (leaving)  arc.  We  denote  the  entering  {leaving}  arc  by  e 

E 

<ei> 

Table  4.3  The  entering  and  the  leaving  variables  are  on  different  arcs 


leaving  arc 

type  variable 

3 
3 

4 s 

e 

4 x 

e 

5 s„ 


entering  arc 
type  variable 

1 x 

e 

2 x 

e 

6 s 

e 

7 

8 s 


X 


5 
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Table  4.4  The  entering  and  the  leaving  variables  are  on  the  same  arc 

leaving  (=  entering)  arc 
leaving. variable  entering  variable 


type 

1 

6 

7 

8 


x 


x 


In  each  specific  case,  we  will  specialize  the  procedure  PARTITI0N1 
or  the  procedure  PARTITI0N2.  We  first  deal  with  the  case  when  the 
entering  variable  and  the  leaving  variable  are  on  different  arcs. 


Case  A)  The  entering  and  the  leaving  variables  are  on  different  arcs: 
Case  A.l)  With  respect  to  the  leaving  variable: 

We  specialize  the  procedure  PARTITI0N1 . 

Case  A. 1.1)  The  leaving  variable  is  s(e^)  of  type  3: 

Note  that  RC(e  ) is  the  row  whose  defining  variable  is  s(eT  ) in 
this  case.  We  check  if  a column  in  can  be  moved  to  while  keeping 
RC(e^)  in  1^.  Let  v^  be  the  node  such  that  PRED(v^)  = e^.  Deletion  of 
e^  from  ST(B)  causes  ST(B)  to  be  partitioned  into  two  subtrees:  one 
rooted  at  v^  and  one  rooted  at  D.  Let  TR(v^)  denote  the  former  and 
TR' (D)  the  latter.  Let  CE(v^)  be  the  set  of  arcs  of  type  4,  5.  or  8 
(i.e.,  arcs  e having  x or  s in  J_)  which  connect  a node  in  TR(v  ) and 

0 0 £ 1_j 

a node  in  TR'(D).  We  need  not  consider  the  columns  in  whose 
associated  arcs  are  not  in  CE(v  ) , since  with  the  deletion  of  e and  the 

Li  Li 

inclusion  of  an  arc  e*  € \ CE(v^),  we  cannot  get  a spanning  tree  in 

the  procedure  DETECT.  Let  v*  be  the  from-node  of  e.  . For  each  arc  e* 

Lj 
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in  CE(v  ),  let  P(v*;e*)  be  the  unique  path  in  ST(B)  from  v*  to  the  node 

in  TR(vl)  incident  to  e*.  We  check  if  the  node  v*  can  be  covered  by  an 

arc  e*  in  CE(v^)  via  P(v*;e*),  which,  we  note,  is  equivalent  to  checking 
2 

if  G is  acyclic  at  Step  3 in  the  procederue  DETECT.  If  we  are 
successful  in  covering  v* , then  we  can  move  the  column  of  the  "covering 
arc"  e*  from  to  and  maintain  the  BUT  property.  By  the  definition 
of  type  in  Table  4.1,  we  change  the  type  of  eL  to  6 and  change  the  type 
of  e*  to  3 {7}  when  the  type  of  e*  is  4 or  5 {8}.  If  any  e*  in  CE(v  ) 

Li 

does  not  cover  v*.  then  we  move  RC(eL)  to  I in  order  to  restore  the  BUT 
property  and  thus  we  change  the  type  of  e.  to  7. 

L 

Case  A. 1.2)  The  leaving  variable  is  x(e  ) of  type  3: 

L 

This  case  is  similar  to  Case  A. 1.1.  Let  v TR(v  ),  and  CE(vT  ) be 

defined  as  in  Case  A. 1.1.  Since  x(e^)  becomes  nonbasic,  we  change  the 

type  of  eL  to  1 {2}  for  eL  £ F {E  \ F}  and  delete  it  from  AG(B) . By  the 

same  reason  as  in  Case  A. 1.1,  we  need  not  consider  the  columns  in 

whose  associated  arcs  are  not  in  CE(v  ).  Let  P(v  ;e*)  be  the  unique 

path  in  ST(B)  from  vL  to  the  node  in  TR ( v^ ) incident  to  e*.  We  check  if 

the  node  vL  can  be  covered  by  an  arc  e*  in  CE(vL)  via  the  path  P(vL;e*) , 

2 

which  is  equivalent  to  checking  if  G is  acyclic  at  Step  3 in  the 
procedure  DETECT.  If  an  arc  e*  in  CE(vL)  covers  vL>  then  we  can  move 
the  column  of  e*  from  to  J and  maintain  the  BUT  property.  We  change 
the  type  of  e*  to  3 {7}  when  the  type  of  e*  is  4 or  5 {8}.  If  any  e*  in 
CE(vl)  does  not  cover  v* , then  we  move  RN ( v^ ) to  I in  order  to  restore 
the  BUT  property.  (Note  that  RN(v^)  is  the  row  whose  defining  variable 
is  the  leaving  variable  in  this  case.)  Consequently  we  add  an  auxiliary 
arc  (D,v)  of  type  9 to  AG(B). 
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Case  A. 1.3)  The  leaving  variable  is  s(e. ) of  type  4: 

Li 

We  check  if  RC(e^)  can  be  kept  in  1^  and  a column  can  be  moved 
from  to  without  violating  the  BUT  property.  Since  s(e^)  will  not 
be  basic  any  more,  in  order  that  RC(e^)  remains  in  1^,  x(e^)  should  be 
moved  from  to  becoming  the  defining  variable  of  RC(e^),  according 
to  the  diagonal  restriction.  Thus  we  consider  only  the  column  of  x(e  ) 

L 

in  J^.  Hence  we  check  if  e^  can  stay  in  1^  having  the  type  6 (since 
x(e^)  is  moved  in  J^,  s(e^)  is  now  nonbasic,  and  RC(e^)  is  in  1^).  This 
can  be  done  on  AG(B)  as  follows:  Let  v*  be  the  from-node  of  e . We 

L 

2 

check  if  e^  covers  v* , which  is  equivalent  to  checking  if  G is  acyclic 
at  Step  3 in  the  procedure  DETECT.  (Note  that  P(v*;e. ) is  void  in  this 

L 

case.)  If  successful,  then  we  keep  RC(e^)  in  1^  and  thus  change  the 
type  of  e^  to  6.  Else,  we  move  RC(eL)  from  1^  to  and  thus  change  the 
type  of  e^  to  8. 

Case  A. 1.4)  The  leaving  variable  is  x(e.  ) of  type  4: 

L 

Since  the  column  of  x(e^)  is  in  J^,  we  just  delete  the  column  of 

x(e^)  from  . We  change  the  type  of  e^  to  1 or  2. 

Case  A. 1.5)  The  leaving  variable  is  s(e^)  of  type  5- 

Since  the  column  of  s(e^)  is  in  , we  just  delete  the  column  of 

s(e^)  from  J^.  We  change  the  type  of  e^  to  6. 

Case  A. 1.6)  The  leaving  variable  is  x(e.  ) of  type  5: 

L 

We  can  easily  update  the  partition  in  this  case.  After  deleting 
the  column  of  x(e^)  from  J^,  we  can  move  the  column  of  s(e^)  from  to 
making  s(e^)  the  defining  variable  of  RC(e^).  Thus,  we  just  change 
the  type  of  e^  to  1 and  delete  the  arc  e^  from  AG(B) . 

Case  A. 2)  With  respect  to  the  entering  variable: 

After  making  all  the  necessary  changes  (if  any)  due  to  the  leaving 
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variable  in  AG(B)  and  type,  we  reconfigure  the  basis  with  respect  to  the 
entering  variable.  We  specialize  the  procedure  PARTITI0N2  in  each 
subcase. 

Case  A. 2.1)  The  entering  variable  is  x(e„)  of  type  1 or  2: 

hi 

cl  b 

Let  v and  v be  the  from-node  and  the  to-node  of  e„.  In  the 

E 

procedure  PARTITI0N2,  we  check  if  the  column  of  x(e„)  can  be  inserted 

Ej 

into  and  a row  can  be  moved  from  1^  to  1^  without  violating  the  BUT 
property.  If  x(eE)  can  be  inserted  into  eE  will  take  type  3 (since 
x(eE)  is  basic  in  , s(eE)  is  in  J^,  and  RC(eE)  is  in  1^.  Then  eE 
will  become  an  arc  in  the  new  ST(B) , and  thus  an  arc  should  be  deleted 
from  the  current  ST(B)  to  have  a spanning  tree  at  Step  2 of  the 
procedure  DETECT. 

There  exists  a unique  path  from  the  supernode  D to  any  node  in 
3.  b 

ST(B) . To  v and  v from  the  supernode  D in  the  current  ST(B) , we  get 

two  unique  paths  and  call  the  last  common  node  on  these  two  paths  as  the 

junction  node.  Either  on  the  path  from  the  junction  node  to  va  or  on 

the  path  from  the  junction  node  to  vb,  one  arc  must  be  deleted  to  have  a 

3 b 

spanning  tree.  From  v and  v to  the  junction  node  in  ST(B) 

respectively,  we  search  for  the  first  arc  of  type  7 or  9,  say  er  and  e1 , 

respectively.  Note  that  if  e is  of  type  7,  then  RC(e)  is  in  I2>  while 

if  e is  of  type  9,  then  e is  an  auxiliary  arc  and  thus  RN(v)  is  in  I 

where  e = (v,D).  Instead  of  considering  each  row  in  I^  in  the  procedure 

PARTITI0N2,  we  need  consider  only  these  two  arcs.  (By  Theorem  4.10,  it 

will  be  clear  that  we  need  not  go  beyond  the  first  arc  on  each  path.) 
r 1 

Either  of  e or  e (or  both)  may  be  void.  If  so,  we  just  skip  the 

associated  step  in  the  discussion  below. 

r v 1 

We  set  v to  be  the  from-node  of  e . Similarly  we  define  v by 
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1? 

the  from-node  of  e . We  first  check  whether  e^  can  cover  v via 

E 

r r r a 

p(v  je^,)  where  P(v  ;e^,)  is  the  unique  path  from  v to  v in  ST(B)  . In 

other  words,  we  check  whether  we  can  insert  the  column  of  x(e„)  into  J 

E 1 

r r r r 

and  we  can  move  RC(e  ) or  RN(v  ) from  to  1^  (RC(e  ) if  e is  of  type 

r r 2 

7,  RN(v  ) if  e is  of  type  9).  which  is  equivalent  to  checking  if  G is 

acyclic  at  Step  3 in  the  procedure  DETECT. 

r r r 

Suppose  e-  covers  v . Then  we  can  move  RC(e  ) or  RN(v  ) from  I- 
E 2 

p 

to  when  e is  of  type  7 or  9.  respectively,  and  we  can  insert  the 

column  of  the  entering  variable  into  , maintaining  the  BUT  property  of 

T.  In  this  case  we  change  the  type  of  e_  to  3 and  either  change  the 

E 

type  of  er  to  6 when  the  type  of  er  is  7 or  delete  er  from  AG(B)  when 
r . r 

the  type  of  e is  9-  If  eE  does  not  cover  v , then  we  do  the  same 

1 a b 

analysis  with  respect  to  v (just  replacing  r with  1,  and  v with  v ). 

r 1 

If  e^,  does  not  cover  either  of  v and  v , then  we  just  add  the  column  of 

x(eg)  into  so  that  we  change  the  type  of  e^  to  4. 

Case  A. 2. 2)  The  entering  variable  is  s(e„)  of  tvne  6: 

E 

Everything  is  the  same  as  in  Case  A. 2.1  (reading  s(e„)  as  x(e„)) 

E E 

except  that  we  change  the  type  of  e„  to  5 if  we  are  not  successful  in 

E 

covering. 

Case  A. 2. 3)  The  entering  variable  is  s(e„)  of  tvne  7: 

E 

This  is  an  easy  case  of  updating  the  partition.  We  can  move 

RC(eE)  from  to  1^  and  insert  the  column  of  s(eE)  into  making  s(eE) 

the  defining  variable  of  RC(eI7).  We  change  the  type  of  e_  from  7 to  3. 

E E 

Case  A. 2. 4)  The  entering  variable  is  s(e„)  of  tvoe  8: 

E 

This  is  an  easy  case  of  updating  the  partition.  We  can  move  the 

RC(eE)  from  1^  to  1^  and  insert  the  column  of  s(eE)  into  making  s(eE) 

the  defining  variable  of  RC(ec,).  We  change  the  type  of  e„  to  4. 

E E 
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Now  we  consider  the  case  when  the  entering  variable  and  the 
leaving  variable  are  on  the  same  arc. 

Case  B)  The  entering  and  the  leaving  variables  are  on  the  same  arc: 

Case  B.l)  The  entering  variable  is  x(e„)  of  type  1 and  the  leaving 

hi 

variable  is  s(e_): 

hi 

Then  s(e^)  will  be  nonbasic  and  x(eE)  will  be  basic  in  the  next 
basis.  We  check  if  RC(eE)  can  remain  in  1^.  Since  s(eE)  will  not  be 
basic  any  more,  x(e^)  should  be  the  defining  variable  of  RC(eE)  in  order 
RC(eg)  to  remain  in  I , according  to  the  diagonal  restriction.  We  check 
if  the  arc  e can  have  type  6 (since  x(et?)  is  now  basic  in  J , s(e„)  is 

hj  1 hi 

now  nonbasic,  and  RC(eE)  is  in  1^).  Let  v*  be  the  from-node  of  eE< 

2 

Hence  we  check  if  eE  covers  v*,  which  is  equivalent  to  checking  if  G is 
acyclic  at  Step  3 in  the  procedure  DETECT.  (Note  that  P(v*;e  ) is  void 

hi 

in  this  case.)  If  so,  then  we  can  keep  RC(e„)  in  I and  insert  the 

hi  1 

column  of  x(eE)  into  and  thus  change  the  type  of  e£  to  6.  Else,  we 

move  RC(eE)  to  1^  and  add  the  column  of  x(eE)  to  . We  change  the  type 

of  e„  to  8 in  this  case. 

E 

Case  B.2)  The  entering  variable  is  s(e_)  of  type  6 and  the  leaving 

hi 

variable  is  x(e„) : 

hi 

This  is  an  easy  case  to  update  the  partition.  We  can  replace 
s(eE)  with  x(eE)  as  the  defining  variable  of  RC(eE).  We  just  change  the 
type  of  eE  to  1,  and  thus  we  delete  eE  from  AG(B). 

Case  B.3)  The  entering  variable  is  s(eE)  of  type  8 and  the  leaving 
variable  is  x(e„): 

hi 

Since  x(eE)  is  in  J^,  we  delete  the  column  of  x(e£)  from  J ^ . Also 
we  can  move  RC(eE)  from  to  1^  making  s(eE)  as  the  defining  variable 
of  RC(eE).  Hence  we  change  the  type  of  eE  to  1. 
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Case  B.4)  The  entering  variable  is  s(e^)  of  type  7 and  the  leaving 

Ej 

variable  is  x(e„)  : 

hi 

Since  s(e_,)  enters  the  basis,  we  can  move  RC(e_)  from  I to  I 

hj  b Z 1 

making  s(eE)  as  the  defining  variable  of  RC (e^) . After  this  change,  we 
consider  as  if  eE  has  type  3 and  x(eE)  of  type  3 is  the  leaving 
variable.  Thus  the  rest  is  the  same  as  Case  A. 1.2. 


Example  4.1  (Continued) 

We  now  reconfigure  the  partition  of  the  basis  given  the  entering 
variable  and  the  leaving  variable  x^ . Note  that  the  types  of  e^  and 
e^  are  now  3 and  8 respectively. 

A)  With  respect  to  the  leaving  variable: 

This  corresponds  to  Case  A.  1.2.  We  note  that  CE(v^)  = {e^,}.  Then 

we  check  if  e*  = e„  covers  v = v.  via  the  path  P(v  ;e*)  = (v. ,v_); 

/ LI  L lj 

i.e.,  if  the  graph  in  Figure  4.12.b  is  acyclic.  Note  that  e*  covers  v . 

L 

Thus  we  change  the  type  of  e.  (=  e_)  from  3 to  1 and  the  type  of  e*  = e„ 

L 3 / 

from  8 to  7*  The  updated  AG  is  shown  in  Figure  4.12.b. 

With  the  updated  AG,  we  reconfigure  the  basis  with  respect  to  the 
entering  variable. 

B)  With  respect  to  the  entering  variable: 

This  corresponds  to  Case  A. 2.1.  Referring  to  Case  A.2.1,  we  note 
ci  b 

that  v = v.  and  v = v_.  We  also  note  that  the  junction  node  is  v,_ , and 
1 0 5 

r X 

e = ey  • e -^s  void.  Since  v^  is  the  from-node  of  e , we  set 


v 


v^ . Then  we  check  if  the  entering  arc  eE  covers  v via  the  path 


P(v  ;eE)  = (v^.v^);  i.e.,  if  the  graph  in  Figure  4.12.C  is  acyclic.  We 

are  successful  in  covering.  We  change  the  type  of  e„  (=  e_)  to  3 and 

E 3 

p 

the  type  of  e (=  e^,)  to  6.  The  updated  AG  is  shown  in  Figure  4.12.C, 
which  is  the  new  AG  to  be  used  at  the  next  iteration.  | 


(a)  AG  before  updating 


(b)  AG  updated  with  respect  to  the  leaving  variable 


(c)  AG  updated  with  respect  to  the  entering  variable 


Figure  4 . 12  Updating  the  AG 


4.2.4  Updating  the  Working  Basis  Inverse 
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In  this  section,  we  discuss  how  to  update  the  working  basis 
inverse  Q ^ . Recall  that 


B = 

Q = Z 


N, 

T_1  N Q_1  H T 

-1  -1 
-Q  H T 


Note  that  Q 1 is  the  lower  right  corner  of  B 

Let  B , , and  Q , , denote  the  current  basis  matrix  and  the  current 
old  old 

working  basis  matrix  respectively.  Let  B w and  Qngw  denote  the  new 
basis  matrix  and  the  new  working  basis  matrix  respectively. 

For  a given  constant  k,  let  M be  a k by  k matrix  and  q = 

(q  ,q q )t  be  a k by  1 vector.  We  describe  "pivoting  M by  q with 

12  K 

q as  the  pivot  element"  by  the  process  of 
r 

i)  replacing  the  rth  row  of  M by  the  rth  row  of  M divided  by  qr  and 

th 

ii)  for  each  i = 1,  2,  ....  k except  i = r,  replacing  the  i row  by  the 

sum  of  the  ith  row  and  the  new  (replaced)  rth  row  multiplied  by  -q^ 

Here  q is  assumed  nonzero.  For  more  detail,  see  Dantzig  [18]. 
r 

We  give  insight  into  the  updating  operation  of  the  working  basis 
inverse.  Let  y be  the  updated  column  of  the  entering  variable.  Suppose 

i.L  — 

the  i column  of  B . , is  the  leaving  variable.  Then  B is  obtained 

old  new 

as  follows:  "Pivot  B~^d  by  y with  y±  as  the  pivot  element  and  rearrange 

(if  necessary)  the  rows  and  the  columns  of  the  resulting  matrix 

properly."  (Here  we  may  need  the  rearrangement  of  the  rows  and  the 

columns,  since  B is  obtained  by  replacing  the  leaving  variable  with 
new 

the  entering  variable  and  rearranging  the  rows  and  the  columns . ) Then 
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-1  -l 

we  take  the  "lower  right  corner"  of  B as  Q 

new  new 

Lemma  4.11 

Let  B be  a basis  matrix  and  Q be  the  working  basis  of  B.  Then  Q 
is  invariant  with  the  rearrangement  of  the  rows  and  the  columns  within 

I^(B)  and  J^(B)  respectively. 

* 

Proof:  Let  B be  a matrix  obtained  from  B by  rearranging  the  rows  and 

the  columns  within  I^B)  and  J^B)  respectively.  Then  we  have 


* 

■ p 

0 ' 

' R 

0 ' 

' P-T-R  P-N 

B = 

0 

I 

• B • 

0 

I 

H-R  Z 

* 

where  P and  R are  some  permutation  matrices.  Let  Q be  the  working 

* * _i 

basis  corresponding  to  B . Then  Q = Z - (H-R) (P-T-R) ~x (P-N)  = 

= Z - (H-R) (R-1.T-1.P-1) (P-N)  = Z - H-T_1-N  = Q.  Q.E.D. 

By  Lemma  4.11,  to  get  Q ^ , we  need  not  pivot  the  whole  part  of 

new 

B K.  We  only  need  Pivot  the  portion  of  B-?",  associated  with  I„(B  ) 
oia  old  2 new 

and  J2^Bnew^'  DePending  on  the  result  of  the  updating  procedure  of  the 

partition  in  Section  4.2.3,  we  have  several  cases. 

Case  1)  The  leaving  variable  is  in  J,  (B 

1 old 

A_  1_ 

Suppose  the  column  of  the  leaving  variable  is  the  i column  of 

J 1 (B0ld^ ' RecaH  that  we  check  if  a column  in  can  be  moved  into  J . 

If  we  are  not  successful,  we  move  the  ith  row  in  1^  to  I . With  respect 

to  the  entering  variable,  we  also  check  if  we  can  move  a row  in  to  1^ 

and  insert  the  column  of  the  entering  variable  into  J . Hence  depending 

on  the  results  of  these  two  tests,  we  have  four  subcases. 

Subcase  1.1)  We  are  not  successful  in  either  test: 
th 

Then  the  i row  of  B . . is  moved  to  I_  and  the  column  of  the 

old  2 

entering  variable  joins  J^.  Thus  we  get 
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I,(B  ) 
2 new 

I2*Bold 

J_(B  ) 

2 new 

■ J2(Bold 

U { row  of  B } , 
oldJ 


Let  r.  be  the  J (B 


. th 


-1 


2 old 


portion  of  the  i row  of  B c . be  the 


old’ 


. th 


I2^Bold^-portion  °f  the  iU11  column  of  B and  s..  be  the  (i,i) 


th 


-1 


element  of  B Let  y be  the  updated  column  of  the  entering  variable 


. th 


x(e^) . Let  be  the  i entry  of  y.  Figure  4.13  illustrates  this. 


Hence  Q ^ is  obtained  as  follows: 
new 


rule  1 "Pivot  the  matrix 


r q"!h 

old 

p 

c . 
1 

g 

by 

r 2 

y 

L i 

ii- 

L yi  J 

with  y_^  as  the  pivot 


element . " 


We  will  discuss  the  method  of  computing  r^,  c^,  and  s^ . at  the  end  of 
this  section. 

Subcase  1.2)  We  are  successful  only  with  respect  to  the  leaving 

variable  and  not  successful  with  respect  to  the  entering  variable: 

Then  the  ith  row  of  B remains  in  I. (B  ) and  a column  in 

old  1'  new 

t h 

J2(Bold)  ’ Say  the  J column  of  J^^old^’  is  moved  to  Jl^Bnew^‘  Thus 

I,(B  ) = I_(B 
2 new  2 old 

J2^Bnew^  = J2^Bold^  U ^ column  of%  the  entering  variable  } 


\ { jth  column  of  J2^Bold^ 


S-1 


Thus  Q is  obtained  as  follows: 
new 


rule  2 "Pivot 


r q’J  , ] 

old 

p 

by 

P 2 , 
y 

L i J 

L yi  J 

with  y as  the  pivot  element  and  then 


.th 


delete  the  j row  from  the  resulting  matrix." 

In  this  case  we  need  not  get  c.  and  s... 

i n 

Subcase  1.3)  We  are  successful  only  with  respect  to  the  entering 
variable  and  not  successful  with  respect  to  the  leaving  variable: 


Then  the  column  of  the  entering  variable  joins  J. (B  ) and  a row 

1 new 
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th 

i column 


y 


= y 


y2 


Figure  4.13 


Bold 


and  y 


179 


in  I (B  ),  say  the  ,1th  row  of  I2(Bold)’  iS  m°Ved  t0  Il(Bnew)*  Thus  ’ 


2'  old 
we  have 


. th 


MW  ■ MW  U (i  rOW  of  Il(Bold^ 


.th 


\ {j  row  of  I2(Bold^’ 


J_  (B  ) = J_(B  ) . 
2 new  2 old 


,-l 


Hence  Q is  obtained  as  follows: 
new 


rule  3 "Pivot 


..  -1 

r 2 , 

old 

C . 
1 

by 

y 

r . 
L l 

s . . 

11  J 

- yi  - 

with  y.  as  the  pivot  element  and 


then  delete  the  jth  column  and  the  last  row  from  the  resulting  matrix." 

In  this  case,  we  must  compute  r^ , c^  and  s^ . 

Subcase  1.4)  We  are  successful  in  both  tests: 

Then  the  column  of  the  entering  variable  joins  J.  (B  ) and  a row 

x new 

in  I2(Bold)  . say  the  .ith  row  of  T2(Bold)*  is  moved  to  l1(Bnew)  while  the 

ith  row  of  B remains  in  I. (B  ) and  a column  of  J (B  ) , say  the 
old  1 new  £ oia 

column  of  , is  moved  to  J1  (B 


1 ' new'  * 


Thus  we  have 


.th 


MB„„J  = I2(Bold)  ^ {j  rOW  °f 


2 new 


2V  old' 


th 


J2(W  = MW  X (k  COlumn  °f  MW11 


,-l 


Hence  Q is  obtained  as  follows: 
new 


r ^-1  n 

r 2 n 

Uold 

by 

y 

rule  4 "Pivot 

r . 

L l J 

l yi  J 

with  y as  the  pivot  element  and  then 


delete  the  jth  column,  the  kth  row  and  the  last  row  from  the  resulting 
matrix. " 


In  this  case,  we  need  not  get  c±  and  s^ . 
Case  2)  The  leaving  variable  is  in  J2(Bold) 


. th 


Suppose  the  leaving  variable  is  the  i column  of  Then 

we  delete  it  from  J2(BolcJ)-  We  test  if  we  can  move  a row  in  I2^Bold^ 


into  I, (B  ) and  insert  the  column  of  the  entering  variable  into 
1 new 
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^l^new^’  There  are  two  subcases,  depending  on  the  result  of  this  test. 
Let  y_^  be  the  i^*1  entry  of  yB. 

Subcase  2.1)  We  are  successful  with  respect  to  the  entering  variable: 

th 

Then  we  move  a row,  say  the  j row,  of  I„(B  , ,)  into  I„ (B  ) and 

2 old  1 new 

insert  the  column  of  the  entering  variable  into  J„  (B  ) . Thus  we  have 

1 new 


J2 

(B  ) = 

new 

I2<Bold) 

\ 

, .th 
{j 

ro”  of  I2(Bold)>> 

J2 

(B  ) = 

new 

J2'Bold> 

\ 

f . th 
(i 

column  of  Jn(B 

2 old 

Hence  we  get 

Q ^ as 
new 

follows : 

Rule  5 "Pivot  QQj[d  by  y with  y as  the  pivot  element  and  delete  the  ith 
th 

row  and  the  j column  from  the  resulting  matrix." 

Subcase  2.2)  We  are  not  successful: 


Then  we  just  add  the  column  of  the  entering  variable  to  J . Thus 


I_(B  ) = I,(B  ..), 
2 new  2 old 


. th 


J2(Bnew)  = J2(Bold}  V {i  Column  of  J2(Bold)} 

U {column  of  the  entering  variable} . 

Hence  we  get  Q ^ as  follows: 
new 

Rule  6 "Pivot  QQdd  by  y with  y_^  as  the  pivot  element." 


_1  o 

So  far  we  discussed  how  to  update  Q . We  also  note  that  tt  is 

new 

updated  by  pivoting.  Let  yQ  be  the  value  of  reduced  cost  of  the 
entering  variable;  i.e.,  ir  a(eE)  - c(eE),  where  a(eE)  is  the  column  of 
the  entering  variable  and  c(e  ) is  the  cost  coefficient  of  e_.  (Note 

Ej  Ej 

that  y^  was  obtained  when  we  determined  the  entering  variable  in  Section 

“1  2 2 

4.2.2.)  We  augment  QQdd  and  y by  ir  and  y^,  respectively.  Then  we 
apply  the  same  pivoting  rule  described  as  above  after  replacing  Q h and 


y with 

r 2 - 

TT 

-1 

and 

' yo' 

respectively 

L Qoid  J 

_ y _ 
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Finally,  we  discuss  how  to  get  r\,  c_^,  and  s_„.  Here  ( ) _^  and 
th  th 

( ) . denote  the  i row  and  the  i column  respectively.  We  know  that 

• 1 

r.  = - (T_1  N Q"1).  = - (T_1).  N Q-1, 

1 i • l • 

c.  = - (Q_1  H T_1 ) . = - Q_1  H (T_1) 

l • l *i 

-1  -1  -1  -1 

s.  . = (T+TNQHT).. 

n li 

= (T_1)  ..  + (T'1).^  N Q_1  H (T-\. 

= (T_1 ) . . + r.  H (T_1 ) . . 
n i -i 

-1  2 1 
In  order  to  get  (T  ) . , we  apply  the  algorithm  PI  with  tt  =0  and  c = 

i • 

t h 

u_^.  Here  u_^  denotes  the  unit  vector  whose  i entry  is  1.  Similarly  to 

-1  2 1 
get  (T  ) . , we  apply  the  algorithm  Y1  with  y =0  and  a = u.. 

• i i 


Example  4.1  (Continued) 

Since  we  were  successful  with  respect  to  both  of  the  entering 
variable  and  the  leaving  variable,  we  apply  Rule  4.  We  need  to  get 
r.  = -(T  ■*")  . N Q ■*■ . First  we  get  (T  ^)  . . Noting  that  the  "i^ 

I l • i • 

column"  of  T is  the  column  of  x(e^),  we  apply  the  algorithm  PI  with 

II  2 

c (e)  = 1 for  e = e^.  c (e)  = 0 for  all  other  arcs  e f e^,  and  tt  = 0. 

The  following  is  the  summary  of  the  computation  at  each  node  in 


node  v 


Trnode(v) 


ircap(e)  , e 6 0S(V) 


D 

0 

v,- 

0 

v6 

0 

v4 

0 

ircap(e10 

vi 

1 

v3 

V2 

2 

0 

ircap(e^) 

Then  we  can  get  (T  . N as  follows: 

l • 


Trcap(en) 

-2 


0 


(T_1) . N 

1 * 


-irsum(v  ) + Trnode(v:.)  - irnode(v  ) + 7rcap(e„) 
-irsum(v^)  + irnodeCv^)  - imode(v^)  + Trcap(e^) 
ircap(e10) 


t 


= ( 2 0 0 ) . 
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Thus  i\  = - ( 2 0 0 ) Q ^ = ( 0 -5  0).  We  apply  Rule  4.  Recall 

that  as  the  results  of  the  procedure  of  updating  the  partition,  we  can 
move  the  column  of  x(e^)  from  to  and  the  row  RC(e^)  from  to  1^. 
We  also  note  that  the  column  of  x(e_)  is  the  first  column  in  and 
RC(e^)  is  the  second  row  in  I^.  We  pivot 


r ^ i 

ir  , , 
old 

' 0 

27-5  O' 

1 

<< 

o 

1 

2 ' 

old 

= 

0 

-6.25 

1.875 

2.5  0 
- . 625  0 
•9375  -1 

by 

y 

= 

0 

• 25 
-.375 

with  y as  the 

r . 

L l J 

0 

-5  0_ 

- yi  . 

1 

pivot  element  and  then  delete  the  second  column  and  the  first  row  of  Q 
and  the  last  row.  (Remark  that  y^,  y,  and  y^  were  obtained  in  Section 
4.2.2.)  Then  we  obtain 


r ^ 
TT 

0 

0 ' 

new 

q"1 

l new  -I 

= 

-6.25 

1.875 

1 

° V 

4 . 3 An  Extension  to  Piecewise  Linear  Capacity  Functions 


So  far,  we  have  assumed  that  every  capacity  function  is 
nondecreasing.  In  this  section,  we  will  relax  this  assumption  and 
extend  the  algorithm  to  the  case  that  capacity  functions  are  piecewise 
linear. 


We  suppose  that  every  arc  e (.  F has  a capacity  function 

1 12  2 
ce(y)  = min  { ae*y  + 3g,  -«e*y  + Pg  } , 

where  0 < c*1  < 1 , 0 < p1 , 0 < a2,  0 < p2,  and  (1  + «2)p1  < (1  - «1)p2. 

e e e e e e e e 

Refer  to  (2.2.1)  - (2.2.3)  in  Chapter  2. 

1 11 

We  split  c into  two  linear  segments:  c (y)  = « y + P and 

e ° e e e 
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c (y) 
e 


Figure  4.l4  A piecewise  linear  capacity  function 


2 2 2 

c (y)  = -ae  y + 3e-  See  Figure  4.14. 

Then  the  problem  to  be  solved  in  this  section  is  given  analogous 
to  (GNP)  defined  in  Section  4.1  as  follows: 
minimize  c • x 
subject  to 

D D 


for  e 6 F, 


A x 

+ X 

e = r , 

X 

e 

s a1 
e 

x(V, fr(e) ) + 

‘e[ 

X 

e 

C\J  (D 

S 

1 

VI 

x(V, fr (e) ) + 

X 

e 

* V 

, for  e € E \ 

F, 

X 

e 

* o, 

for  e € E, 

D 

X 

= 0. 
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We  use  the  same  notation  introduced  earlier  in  Chapter  4,  unless 
mentioned  otherwise.  As  we  can  see  in  the  above  model,  splitting  a 
capacity  constraint  into  two  segments  may  be  viewed  as  if  an  arc  e 6 F 
has  two  capacity  constraints. 

For  expository  simplicity,  we  make  the  following  assumption 
analogous  to  Assumption  4.1  in  Section  4.2.1.  This  assumption  will  be 
relaxed  at  the  end  of  this  section. 

Assumption  4.2 

For  every  v 6 V,  £ <1. 

e€K+(v)e 

We  define  s^  or  s (e) , i = 1,  2 as  the  slack  variable  of  the 
capacity  constraint  c^  of  e f F;  i.e.,  x + s1  = a1  x(V,fr(e))  + p1  and 

^ G 6 G 0 

2 2 2 

xe  + se  = -«e  x(V,fr(e))  + Pg.  Also,  given  a partition  of  a basis,  we 
let  RC  (e)  be  the  row  in  the  basis  coming  from  the  capacity  constraint 
c1  of  an  arc  e 6 F,  i = 1,  2. 

Most  of  the  analysis  done  in  Section  4.2  can  be  carried  over  to 

the  case  of  the  piecewise  linear  capacity  functions  (if  we  read  s and 

e 

RC(e)  as  s1(e)  and  RC1(e),  respectively).  We  require  that  the  submatrix 
T of  the  matrix  B should  be  a BUT  matrix.  Observations  1 - 3 in  Section 
4.2.1  are  still  valid. 

In  addition  to  the  type  number  assigned,  we  also  use  the  symbol 
<i,j,k>  for  visual  convenience,  for  each  arc  e € F as  follows: 


if  x is  nonbasic, 
e 


185 


i = 


j = 


k = 


1 

2 


if 

X 

e 

is 

basic  in 

Jr 

if 

X 

e 

is 

basic  in 

J2  ’ 

if 

1 

s 

e 

is 

nonbasic 

and 

RC1 

(e)  is 

in 

V 

if 

1 

s 

e 

is 

nonbasic 

and 

RC1 

(e)  is 

in 

I2  ’ 

if 

1 

s 

e 

is 

basic  in 

J1 

(and 

RC1(e) 

is 

V 

if 

1 

s 

e 

is 

basic  in 

J2 

( and 

RC1 (e) 

is 

V 

if 

2 

s 

e 

is 

nonbasic 

and 

RC2 

(e)  is 

in 

V 

if 

2 

s 

e 

is 

nonbasic 

and 

RC2 

(e)  is 

in 

I2  ’ 

if 

2 

s 

e 

is 

basic  in 

J1 

(and 

RC2 (e) 

is 

V 

if 

2 

s 

e 

is 

basic  in 

J2 

(and 

RC2(e) 

is 

V 

(If  s (e)  is  nonbasic,  then  the  capacity  constraint  c^e)  hold  as  an 
equality  ("  = ")  . Depending  on  the  location  of  RC  (e) , we  use  i ("upper") 
or  =;=  ("lower").)  For  e 6 E \ F,  we  do  not  have  j and  k in  the  symbol 
<i,j,k>.  We  use  the  convention  that  j = 1 and  k = 1 for  e 6 E \ F,  for 
notational  simplicity. 

Table  4.5  shows  the  classification  of  arcs.  One  can  easily  see 
that  the  cases  omitted  in  Table  4.5  are  impossible  due  to  the  BUT 
property  and/or  the  Observations  1 - 3 made  in  Section  4.2. 
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Table  4.5  Classification  of  arcs  given  a partition  of  basis 


type 

arc 

e £ F 

arc  e £ E \ F 

la 

<•, 

1,  1> 

< • , 1 , 1>  with  x =0 

lb 

<•, 

1 , =f  > 

6 

2 

. 

< * , 1 , 1>  with  x = u 

e e 

3 

<1, 

1,  1> 

<1,  1,  1> 

4 

<2, 

1.  1> 

<2,  1,  1> 

5a 

<1, 

2,  1> 

5b 

<1, 

1,  2> 

5c 

<1, 

2,  =r> 

5d 

<1, 

T,  2> 

6a 

<1. 

±.  1> 

6b 

<1, 

1,  ±> 

6c 

<1, 

T> 

6d 

<1, 

T » ~ ^ 

7a 

<1. 

=f  » 1^ 

7b 

<1, 

1 , 7=} 

7c 

<1, 

T.  =r> 

8a 

<2, 

t i 

8b 

<2, 

1 . 

8c 

<2, 

Ti  X-* 

9 

(v,D)  : 

for  v 

£ V such  that  RN(v)  is  in  1^. 

The  procedure  DETECT  can 

be  applied  without  any  change.  We 

ST ( B } , AG(B} , 

and  OS ( v ) 

in  the 

same 

way  as  in  Section  4.2.1.  For 

example,  OS(v) 

= { e £ K 

+ (v)  i 

e is 

of  type  5 or  6 } for  a node  v 

We  define 

OS*(v)  = { e £ K+(v)  i e is  of  type  5a.  5c,  6a,  or  6c  }, 

OS^(v)  = { e £ K+{v)  | e is  of  type  5b,  5d,  6b,  or  6d  }. 

For  e £ OS^v),  i = 1,  2,  RC^e)  is  in  1^.  Obviously,  0S(v)  = OS^{v)  U 
2 12 

OS  (v) . Moreover,  OS  (v)  fl  OS  (v)  = 0,  since  x^  cannot  be  the  defining 
1 2 

variable  for  RC  (e)  and  RC  (e)  simultaneously  by  the  definition  of  the 
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defining  variable. 

The  procedure  REARRANGE  can  be  applied  with  the  following  slight 
modification.  (This  modification  is  simply  due  to  the  fact  that  we  have 
one  more  dimension  in  the  classification  of  the  type.  Recall  that  at 
Step  1 of  the  procedure  REARRANGE,  we  arrange  all  the  rows  RC1(e)  in  I 
and  the  columns  of  s1(e)  in  . ) 

(Step  1)  Initialize  count  = 1 

FOR  each  arc  e 6 F of  type  la,  3,  and  4 DO 

Set  rn(RC^(e))  = count, 

cn(s'*'(e))  = count, 

2 

rn(RC  (e))  = count  + 1, 

2 

cn(s  (e))  = count  + 1, 
count  = count  + 2 ; 

ENDFOR 

FOR  each  arc  e f F of  type  lb,  5b,  6b,  7b,  or  8b  DO 
Set  rn(RC'*‘(e))  = count, 
cn(s^(e))  = count, 
count  = count  + 1 ; 

ENDFOR 

FOR  each  arc  e 6 F of  type  5a,  6a,  7a,  or  8a  DO 
2 

Set  rn(RC  (e))  = count, 

2 

cn(s  (e))  = count, 
count  = count  + 1 ; 

ENDFOR 

Then  all  lemmas,  theorems,  and  corollaries  remain  valid  (if  we 
read  s , RC(e),  and  0S(v)  as  s1(e),  RC1(e),  and  0S1(v)  respectively). 

We  shall  discuss  only  how  to  update  the  partition  of  the  basis  given  the 
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entering  and  the  leaving  variable,  since  the  other  steps  in  the 

algorithm  PPSIMPLEX  can  also  be  established  straightforwardly.  The 

procedure  of  updating  the  partition  is  essentially  the  same  as  in 

Section  4.2,  except  that  we  have  some  more  cases  which  did  not  exist  in 

Section  4.2.  In  what  follows,  we  specialize  the  basic  procedure  of 

updating  the  partition  in  each  case  of  the  entering  variable  and  the 

leaving  variable,  as  we  did  in  Section  4.2.3.  (If  the  reader  is  not 

interested  in  this  specialization,  then  the  rest  can  be  skipped.) 

Table  4.6  and  Table  4.7  illustrate  the  possible  combinations  of  the 

entering  variable  and  the  leaving  variable.  Note  that  if  x =0,  then 

e 

1 11 

s > 0 and  vice  versa,  by  the  assumption  that  a > 0 and  B >0.  Hence 
e e e 

x and  s cannot  be  both  nonbasic.  This  is  the  reason  why  x cannot 
e e 0 

be  the  leaving  variable  for  arc  e of  type  5d,  6a,  7a,  and  8a,  and  s1 

e 

cannot  be  the  leaving  variable  for  arc  e of  type  la  in  Table  4.6. 

The  procedure  for  getting  a new  partition  satisfying  the  condition 
in  Theorem  4.3  is  essentially  the  same  as  in  Section  4.2.3.  We  first 
deal  with  the  case  that  the  entering  arc  and  the  leaving  arc  are 
different.  Table  4.8  illustrates  updating  the  type  of  the  leaving 
variable.  Most  cases  are  analogous  to  those  in  Section  4.2.3. 

For  example,  consider  Case  a.  1.3  in  Table  4.8;  i.e.,  the  case  that  the 
leaving  variable  is  s1(eL)  of  type  3.  In  what  follows,  we  show  the 
reconfiguration  procedure  for  this  case  to  demonstrate  a resemblence 
between  Case  a. 1.3  and  Case  A. 1.1  in  Section  4.2.3.  Note  that  RC1(e  ) 
is  the  row  whose  defining  variable  is  the  leaving  variable  s^(e. ) in 

1-j 

this  case.  We  check  if  a column  in  can  be  moved  to  , while  keeping 
RC^e^)  in  1^.  Let  v^  be  the  node  such  that  PRED(v'L)  = e^.  Deletion  of 
e^  from  ST(B)  causes  ST(B)  to  be  partitioned  into  two  subtrees:  one 
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Table  4 . 6 The  entering  arc  and 


the  leaving  arc 
type  variable 


la 

<*,1,1> 

2 

s 

e 

3 

<1,1. 1> 

X 

1 

, s , or 

2 

s 

e 

e 

e 

4 

<2 , 1 , 1> 

X 

1 

, s , or 

2 

s 

e 

e 

e 

5a 

<1 , 2 , 1> 

X 

1 

, s , or 

2 

s 

e 

e 

e 

5b 

<1,1, 2> 

X 

1 

, s , or 

2 

s 

e 

e 

e 

5c 

<1,2,  t=> 

X 

1 

or  s 

e 

e 

5d 

<1  ,=f.2> 

2 

s 

e 

6a 

<1 , — , 1 > 

2 

s 

e 

6b 

<1,1, ±> 

X 

1 

or  s 

e 

e 

7a 

<1 , x, 1> 

2 

s 

e 

7b 

<1,1, x> 

X2 

2 

or  s 

e 

8a 

<2,=f , 1> 

2 

s 

e 

8b 

<2, 1 ,=f> 

X 

e 

1 

or  s 

e 

leaving  arc  are  different 
the  entering  arc 
type  variable 


la 

<-,l,l> 

X 

e 

lb 

< * , 1 , =r> 

X 

e 

or 

2 

s 

e 

2 

<• ,1,1> 

X 

e 

5c 

<1 ,2,t=> 

2 

s 

e 

5d 

<1 , T « 2> 

1 

s 

e 

6a 

<1,±,1> 

1 

s 

e 

6b 

<1,1, ±> 

2 

s 

e 

6c 

<l,±,x> 

1 

s 

e 

or 

2 

s 

e 

6d 

<l,x,±> 

1 

s 

e 

or 

2 

s 

e 

7a 

<1 ,T, 1> 

1 

s 

e 

7b 

<1,1. T> 

2 

s 

e 

7c 

<1 ,T , 

1 

s 

e 

or 

2 

s 

e 

8a 

<2,t, 1> 

1 

s 

e 

8b 

<2 , 1 ,=f> 

2 

s 

e 

8c 

<2 ,x, x^ 

1 

s 

e 

or 

2 

s 

e 
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Table  4, 

.7  The  entering 

arc  and  the 

leaving  arc  are  same 

type 

leaving  variable 

entering  variable 

la 

<•  ,1.1> 

1 

s 

or 

2 

s 

X 

e 

e 

e 

lb 

< * > 1 tT> 

1 

s 

X 

e 

e 

5c 

<1.2,=p> 

X 

or 

1 

s 

2 

s 

e 

e 

e 

5d 

<1  ,=f . 2> 

X 

or 

2 

s 

1 

s 

e 

e 

e 

6a 

<1,±,1> 

X 

or 

2 

s 

1 

s 

e 

e 

e 

6b 

<1,1, ±> 

X 

or 

1 

s 

2 

s 

e 

e 

e 

6c 

<1 ,x> 

X 

1 

s 

e 

e 

6d 

<l,±,=f> 

X 

1 

s 

e 

e 

7a 

<1  ,=f . 1> 

X 

or 

2 

s 

1 

s 

e 

e 

e 

7b 

<1,1, T> 

X 

or 

1 

s 

2 

s 

e 

e 

e 

8a 

<2  ,=f . 1> 

X 

or 

2 

s 

1 

s 

e 

e 

e 

8b 

<2,1,  =f  > 

X 

or 

1 

s 

2 

s 

e 

e 

e 

8c 

<2 , TiT'* 

X 

e 

1 

s 

e 
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Table  4.8  Updating  the  type  of  the  leaving  arc  e^ 

current  leaving  updated  analogous  case 


case 

type 

variable 

type 

in  Section  4.2.3 

a. 1.1 

la 

<-.l,l> 

s2(eL) 

<* , 1,T> 

a. 1.2 

3 

<1,1. 1> 

x(eL) 

<-,l,l> 

Case 

A. 1.2 

a. 1.3 

3 

<1,1. 1> 

s1 (eL} 

<1,±,1> 

or 

<l,x,l> 

Case 

A. 1.1 

a.  1 .4 

3 

<1,1, 1> 

s2(eL) 

<1,1, ±> 

or<l , 1 ,x> 

Case 

A. 1.1 

a. 1.5 

4 

<2 , 1 , 1> 

x(eL) 

<*,1,1> 

Case 

A. 1.1 

a.  1 . 6 

4 

<2 , 1 , 1> 

sl(eL} 

<1,±,1> 

or 

<2  ,=f,  1> 

Case 

A. 1.3 

a. 1.7 

4 

<2, 1 , 1> 

s2(eL) 

<1,1, — > 

or 

<2 , 1 ,x> 

Case 

A. 1.3 

a.  1 .8 

5a 

<1.2,1> 

x(eL) 

<*,1,1> 

Case 

A. 1.6 

a. 1.9 

5a 

<1 ,2 , 1> 

sl(eL} 

<1,1, i> 

Case 

A. 1.5 

a. 1.10 

5a 

<1 ,2, 1> 

s2(eL) 

<1,1, ±> 

a. 1.11 

5b 

<1,1. 2> 

x(eL} 

<*,1,1> 

Case 

A. 1.6 

a. 1.12 

5b 

<1,1, 2> 

s1 (eL) 

<1,1, 2> 

a. 1.13 

5b 

<1.1. 2> 

s2(eL} 

<1,1, ±> 

Case 

A. 1.5 

a. 1.14 

5c 

<1.2,t> 

x(eL) 

<•  , 1 ,=r> 

Case 

A. 1.6 

a. 1.15 

5c 

<1 , 2 ,t=> 

sl(eL) 

<l,±,x> 

Case 

A. 1.6 

a. 1.16 

5d 

<l,=r,2> 

s2(eL) 

<l,=f,i> 

Case 

A. 1.5 

a. 1.17 

6a 

<1,±,1> 

s2(eL) 

<1  ,-,=r> 

a. 1 . 18 

6b 

<1,1, 

x(eL) 

<*,l,x> 

a. 1.19 

6b 

<1,1, i> 

s1 (eL) 

< 1 , x , ~> 

a. 1.20 

7a 

<1.T.1> 

s2(eL} 

<1  ,x  ,=*=> 

or 

< 1 , X , x> 

Case 

A. 1.1 

a. 1.21 

7b 

<1,1, x> 

x(eL) 

< * , 1 ,x> 

or 

< * , 1 ,T> 

Case 

A. 1.2 

a. 1.22 

7b 

<1,1, x^ 

sl(eL) 

<1 ,-,x> 

or 

<1 ,x,x> 

Case 

A. 1.1 

a. 1.23 

8a 

<2,x,l> 

s2(eL) 

<1 ,X,-> 

or 

<2 ,x ,x> 

Case 

A. 1.3 

a. 1.24 

8b 

<2 , 1 ,=f> 

x(eL) 

< * , 1 ,x> 

Case 

A. 1.4 

a. 1.25 

8b 

<2,1,t> 

sl(eL} 

< 1 , =5= , =r=> 

or 

<2 , x , x^ 

Case 

A. a. 3 
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Table  4.9  Updating  the  type  of  the  covering  arc  e* 


current 

type 

updated 

type 

4 

<2, 1 , 1> 

3 

<1,1, 1> 

5a 

<1.2, 1> 

3 

<1,1, 1> 

5b 

<1.1, 2> 

3 

<1,1, 1> 

5c 

<1,2,t> 

7a 

< 1 , X > 1 ^ 

5d 

<l,x,2> 

7b 

<1,1, x> 

8a 

<2,=r.l> 

7a 

<l,x,l> 

8b 

<2 , 1 ,=f> 

7b 

<1,1, x> 

8c 

<2  ,=r.=f> 

7c 

<1 ,x,x> 

rooted  at  and  one  rooted  at  D.  Let  TR(vL)  denote  the  former  and 

TR' (D)  the  latter.  Let  CE(v^)  be  the  set  of  arcs  of  type  4,  5.  or  8 

1 2 

(i.e.,  arcs  e having  x^,  s (e) , or  s (e)  in  J^)  which  connect  a node  in 

TR(v  ) and  a node  in  TR' (D) . Let  v*  be  the  from-node  of  e.  . For  each 
Li  L 

arc  e*  in  CE(v^) , let  P(v*;e*)  be  the  unique  path  in  ST(B)  from  v*  to 

the  node  in  TR(v^)  incident  to  e*.  We  check  if  the  node  v*  can  be 

covered  by  an  arc  e*  in  CE(vL)  via  P(v*;e*).  If  we  are  successful  in 
covering  v*,  then  we  can  move  the  column  of  the  "covering  arc"  e*  from 
J2  to  J and  maintain  the  BUT  property.  By  the  definition  of  the  type 
in  Table  4.5.  we  change  the  type  of  e^  to  <1,±,1>  and  change  the  type  of 
e*  according  to  Table  4.9-  If  we  are  not  successful  in  covering  v*, 
then  we  move  RC^(e^)  to  I ^ in  order  to  restore  the  BUT  property.  The 
type  of  e^  is  changed  to  <l,=p,l>. 

In  Table  4.8,  some  cases  have  two  entries  as  the  updated  type. 

For  instance,  Case  a. 1.3  has  "<1,±,1>  or  <l,=p,l>."  Here  the  updated 


type  takes  the  first  entry  if  we  are  successful  in  covering  and  the 
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second  entry  otherwise.  When  we  are  successful  in  covering,  we  update 

the  type  of  the  covering  arc  according  to  Table  4.9* 

Noting  that  in  most  cases  the  analogy  is  self-explanatory,  we  will 

elaborate  only  on  the  following  cases.  First,  consider  Case  a. 1.1,  the 

2 

case  that  the  leaving  variable  is  s (eT  ) of  type  <*,1,1>.  Since  x(e.  ) 

2 

is  nonbasic  and  s (e^)  becomes  nonbasic,  there  will  be  no  defining 
2 2 

variable  for  RC  (e^) . Thus,  we  move  RC  (eL)  to  and  change  the  type 
of  e^  to  < • , 1 ,=p>  • There  will  be  no  change  in  AG(B). 

Next,  we  consider  Case  a. 1.10,  the  case  that  the  leaving  variable 

2 2 
is  s (e^)  of  type  <1,2, 1>.  Note  that  x(e^)  and  s (e^)  are  now  the 

12  1 
defining  variables  for  RC  (eL)  and  RC  (eL)  respectively  and  that  s (e  ) 

2 

is  in  J^.  Since  s (e^)  becomes  nonbasic,  we  let  x(e^)  be  the  defining 

variable  for  RC^(e  ) and  let  s^(eT  ) be  the  defining  variable  for  RC^(e.  ) 

ij  Li  L 

after  moving  s1(eL)  from  J 2 to  Namely,  we  update  the  type  of  eL  to 

<1,1,— >.  Case  a. 1.12  is  symmetric  to  Case  a. 1.10. 

We  consider  Case  a. 1.17,  the  case  that  the  leaving  variable  is 
2 2 

s (e^)  of  type  <1,±,1>.  Since  s (e^)  leaves  the  basis  and  x(e^)  is  the 

1 2 

defining  variable  for  RC  (e^) . RC  (e^)  cannot  have  a defining  variable. 

2 

Therefore,  we  move  RC  (e^)  from  1^  to  and  change  the  type  of  eL  to 
<1, -,!=>•  Cases  a.1.18  and  a.  1.19  are  similar  to  Case  a.  1.17. 

Now  we  deal  with  the  reconfiguration  procedure  with  respect  to  the 
entering  variable.  Table  4.10  illustrates  updating  the  types  of  the 
entering  variable.  Most  cases  are  analogous  to  those  in  Section  4.2.3. 
For  example,  Case  a. 2.1  is  exactly  the  same  as  Case  A. 2.1  in  Section 
4.2.3,  except  that  when  eE  covers  vr  {v^},  we  update  the  type  of  er  {e1} 
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Table  4.10  Updating  the  type  of  the  entering  arc  e 

hi 

current  entering  updated  analogous  case 


case 

type 

variable 

type 

in  Section  4.2.3 

a. 2.1 

la 

<-,l,l> 

x(eE) 

<1,1, 1> 

or 

<2 , 1 , 1> 

Case  A. 2.1 

a. 2. 2 

lb 

<-,l,x> 

x(eE) 

<1.1. x> 

or 

<2 , 1 ,=f> 

Case  A. 2.1 

a. 2. 3 

lb 

<*,l,x> 

s2(eE) 

<-,l,l> 

a. 2. 4 

2 

<*,1.1> 

x(eE) 

<1,1, 1> 

or 

<2, 1 , 1> 

Case  A. 2.1 

a. 2. 5 

5d 

<1 .2  ,=p> 

sl(eE) 

<1 ,2, 1> 

Case  A. 2. 4 

a. 2. 6 

5c 

<l,x.2> 

sl(eE) 

<1 , 1 ,2> 

Case  A. 2. 4 

a. 2. 7 

6a 

<l,i.l> 

sl(eE) 

<1.1, 1> 

or 

<1 , 2, 1> 

Case  A. 2. 2 

a. 2. 8 

6b 

<1,1, *> 

s2(eE) 

<1,1, 1> 

or 

<1 ,2, 1> 

Case  A. 2. 2 

a. 2. 9 

6c 

< 1 , — . x> 

sl(eE} 

<1,1, — > 

a. 2. 10 

6c 

<1 , — ,x> 

s2(eE) 

<l.i,l> 

a. 2. 11 

6d 

<l|Ti~> 

sl(eE} 

<1.1, — > 

a. 2. 12 

6d 

<1,T» 

s2(eE) 

<1.1. x> 

a. 2. 13 

7a 

< 1 ,T  , 1^ 

sl<eE} 

<1,1, 1> 

Case  A. 2. 3 

a. 2. 14 

7b 

<1.1,T> 

s2(eE} 

<1.1, 1> 

Case  A. 2. '3 

a. 2. 15 

7c 

< 1 i X > x> 

sl(eE} 

<1,1,  x> 

Case  A. 2. 3 

a. 2. 16 

7c 

< 1 i X » x> 

s2(eE) 

<1,T.1> 

Case  A. 2. 3 

a. 2. 17 

8a 

<2,r.l> 

sl(eE) 

<2 , 1 , 1> 

Case  A. 2. 4 

a. 2. 18 

8b 

<2,l,x> 

s2(eE) 

<2 , 1 , 1> 

Case  A. 2. 4 

a. 2. 19 

8c 

<2  , T=  , =f  > 

sl(eE} 

<2 , 1 ,=f> 

Case  A. 2. 4 

a. 2. 20 

8c 

<2  ,t=,t=> 

s2(eE) 

<2,=f,  1> 

Case  A. 2. 4 
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Table  4 

.11  Updating  the 

type  of 

current 

updated 

type 

type 

7a 

<1  ,=f.  1> 

<1,±,1> 

7b 

<1.1, T> 

<1,1» 

7c 

^1'TiT^ 

<1  ,±,=f> 

9 deleted  from  AG(B) 

according  to  Table  4.11.  (Refer  to  Case  A. 2.1  in  Section  4.2.3  for 

I?  1 1?  1 

definitions  of  v , v , e , and  e .)  In  Table  4.10,  some  cases  have  two 
entries  for  the  updated  type.  The  updated  type  takes  the  first  entry  if 
we  are  successful  in  covering  and  the  second  entry  otherwise.  If  we  are 
successful  in  covering,  we  update  the  type  of  the  "covered"  arc  er  or  e1 2 
according  to  Table  4.11. 

Noting  that  in  most  cases  the  analogy  is  self-explanatory,  we  will 
elaborate  only  on  the  foilwing  cases. 

p 

In  Case  a. 2. 3 and  Case  a. 2. 10,  we  can  move  RC  (e_)  from  I to  I 

E 2 1 

2 

and  insert  the  column  of  the  entering  variable  s (e„)  into  J. . Then 

E 1 

2 2 
s (e  ) will  be  the  defining  variable  for  RC  (e  ) . We  need  not  update 

AG(B) . Case  a. 2. 11  is  similar  to  Case  a. 2. 10. 

In  Case  a. 2. 9,  the  current  defining  variable  for  RC1(e  ) is  x(e  ). 

Ill  Cj 

1 1 
We  let  the  entering  variable  s (e  ) be  the  defining  variable  for  RC  (e  ) 

^ E 

2 p 

and  let  x(ep)  be  the  defining  variable  for  RC  (e^,)  after  moving  RC  (e  ) 

^ E E 

from  I 2 to  1^.  Case  a. 2. 12  is  similar  to  Case  a. 2. 9. 

Finally,  we  deal  with  the  reconfiguration  procedure  when  the 
entering  arc  and  the  leaving  arc  are  the  same.  Table  4.12  illustrates 
updating  the  type  of  the  entering  arc  (=  the  leaving  arc) . Most  cases 


Table  4.12  Updating  the  type  of  the  entering  (=  leaving)  arc 
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case 

current 
type 

leaving 

variable 

entering 

variable 

updated 

type 

analogous  case 
in  Section  4.2.8 

b.l 

la 

<*,1,1> 

sl(eE} 

x(eE> 

<l,=t,l>  or 

<2,x,l> 

Case  B.l 

b . 2 

la 

<-.l,l> 

s2(eE) 

x(eE} 

<1,1, ±>  or 

<2 , 1 ,=p> 

Case  B.l 

b.3 

lb 

<-,l,x> 

sl(eE} 

x(eE} 

<*,-,x>  or 

<2  , x,x^ 

Case  B.l 

b.4 

5c 

<l,2,=p> 

x(eE} 

s2(eE) 

<-,l.l> 

b.5 

5c 

<1 . 2 ,=f> 

sl(eE} 

s2(eE} 

<1,±,1> 

b.  6 

5d 

<l,x,2> 

x(eE) 

sl(eE} 

<• ,1,1> 

b . 7 

5d 

<l,=f.2> 

s2(eE) 

sl(eE) 

<1,1 ,— > 

b.8 

6a 

<1,±,1> 

x(eE) 

sl(eE} 

<*,1,1> 

Case  B.2 

b.9 

6a 

<1,±,1> 

s2{eE} 

sl(eE} 

<1,1, i> 

b.10 

6b 

<1,1, 

x(eE) 

s2(eE) 

<-.l.l> 

Case  B.2 

b.  11 

6b 

/\ 

HI 

r— 1 
t — 1 

sl(eE) 

s2(eE) 

<1,±,1> 

b.  12 

6c 

<1  ,-,=f> 

x(eE} 

sl(eE} 

< * , 1 , =r> 

Case  B.2 

b.13 

6d 

<1 , x > — > 

x(eE} 

sl(eE} 

< * , 1 , =r> 

b.14 

7a 

<l,=f,l> 

x(eE} 

sl(eE) 

<• ,1,1> 

Case  B.4 

b.15 

7a 

s2(eE} 

sl(eE) 

<1,1, ±>  or 

<1,1, =r> 

b.  16 

7b 

<1,1, T> 

x(eE} 

s2(eE} 

<• ,1,1> 

Case  B.4 

b.17 

7b 

<1,1, T> 

sl(eE} 

s2(eE) 

< 1 , — , 1>  or 

<1 ,x, 1> 

b . 18 

7c 

<1  >X  >X^ 

x(eE} 

sl(eE) 

<*,l,x> 

Case  B.3 

b.19 

8a 

<2  ,=p,  1> 

x(eE} 

sl(eE) 

<*,1,1> 

Case  B.3 

b.20 

8a 

<2  , nr  , 1> 

S2(eE) 

sl(eE) 

<1,1, ±>  or 

<2 , 1 ,=j=> 

b.21 

8b 

<2, 1 ,=f> 

x(eE} 

s2(eE) 

<-,l,l> 

Case  B.3 

b . 22 

8b 

<2 , 1 ,=f> 

2(eE) 

s2(eE} 

<l,i,l>  or 

<2,x,l> 

b.23 

8c 

<2  ,x,=f> 

x(eE> 

sl(0 

< ' , 1 , x> 

Case  B.3 

197 

are  analogous  to  those  in  Section  4.2.3* 

In  Case  b.4,  the  current  defining  variable  for  RC^(e„)  is  x(e„) 

E E 

and  s (e^)  is  now  in  J^.  Since  x(eE)  leaves  the  basis,  we  move  s^(eE) 

from  to  making  s (eE)  the  defining  variable  for  RC^(eE).  And  we 
2 

move  RC  (e^)  from  I E to  1^  and  insert  the  column  of  the  entering 

2.2  2 
variable  s (e^,)  into  making  s (e^)  the  defining  variable  for  Ru  (e^,)  . 

Case  b.6  is  similar  to  Case  b.4.  In  either  case,  we  delete  e^  from 

E 

AG(B) . 


In  Case  b.5,  we  move  RC  (e^)  from  I^  to  1^  and  insert  the  column 

2 2 

of  the  entering  variable  s (eE)  into  J1  making  s (eE)  the  defining 
2 1 

variable  for  RC  (eE) . We  then  delete  s (eE)  from  J^,  and  we  update  the 
type  of  eE  to  <1,±,1>.  There  is  no  change  in  AG(B) . Case  b.7  is 
similar  to  Case  b.5* 

In  Case  b,9.  the  current  defining  variables  for  RC^e^,)  and 

E 

2 2 

RC  (eE)  are  x(eE)  and  s (eE)  respectively.  We  let  the  entering  variable 

s1(eE)  be  the  defining  variable  for  RC1(eE)  and  switch  the  defining 
2 2 

variable  for  RC  (e„)  from  the  leaving  variable  s (e_)  to  x(ep).  There 

e EE 

is  no  change  in  AG(B) . Case  b.ll  is  similar  to  Case  b.9. 


In  Case  b.13,  since  the  current  defining  variable  for  Ru  (e^,)  is 

E 

x(eE)  and  x(eE)  leaves  the  basis,  there  will  be  no  variable  for  the 

2 ? 

defining  variable  for  RC  (e  ) . Hence  we  move  RC  (e_)  from  I to  I0. 

E E 1 2 

Since  s (eE)  enters  the  basis,  we  move  RC1(eE)  from  1^  to  I making 

s1(e  ) the  defining  variable  for  RC1^).  So,  we  change  the  type  of  e„ 
^ E E 

to  <*,1,=f>  and  just  delete  eE  from  AG(B). 

In  Case  b.15  and  Case  b.20,  we  move  RC^e..,)  from  I to  I.  by 

E 2 1 

making  the  entering  variable  s1 (e„)  the  defining  variable  for  RC1(e  ). 

E E 

2 2 
Since  s (e  ) is  the  current  defining  variable  for  RC  (e„)  and  leaves  the 
^ E 
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2 

basis,  we  check  whether  RC  (e„)  can  stay  in  I1 . The  rest  of  Case  b.15 

Ej  1 


and  Case  b.20  are  the  same  as  Case  a. 1.4  and  Case  a. 1.7  in  Table  4.8, 
respectively.  Case  b.17  and  Case  b.22  are  similar  to  Case  b.15  and 
Case  b.20,  respectively. 

Finally,  before  closing  this  section,  we  relax  Assumption  4.2.  If 
Assumption  4.2  does  not  hold,  then  Theorem  4.9  in  Section  4.2.1  may  not 
hold,  since  some  primary  diagonal  block  may  be  singular.  Note  that  any 
block  is  associated  with  a naturally  oriented  arc,  as  shown  in  Lemma  4.7 
in  Section  4.2.1.  We  need  to  secure  the  nonsingularity  of  each  block  to 
make  Theorem  4.9  remain  valid  and  thus  the  whole  algorithm  as  well. 
Suppose  that  PRED(v)  is  naturally  oriented.  Then  by  Lemma  4.7  in 
Section  4.2.1,  we  have  a block  of  size  (]0S(v)|  + 1)  x (jOS(v)j  + 1). 

In  order  to  secure  the  nonsigularity  of  this  block,  we  must  have 


(4.3.1)  E a1 

eCOS  (v) 


(-«g)  t 1 


by  Lemma  4.1  in  Section  4.2.1.  (Note  that  0S1(v)  was  defined  to  be  the 


set  of  arc  e in  0S(v)  whose  RC1(e)  is  in  1^ . ) We  propose  a simple 
method  to  achieve  this.  We  define 


0Sx(v)  = { e € K+(v) 
0Sg(v)  = { e £ K+(v) 


e is  of  type  6 } , 


e is  of  type  5 } , 


0Sx(v)  = OSx(v)  n 0SX(v)  for  i = 1,  2, 
0Sg ( v)  = 0Sg ( v)  n 0S1(v)  for  i = 1,  2. 


Then  we  have  the  foilwing  property. 


Lemma  4 . 12 


E 1 ae  + S 2 (_ 
e€0Sx(v)  e£0S*(v) 


<:“e>  < !■ 
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Proof:  Note  that  x(V,v)  2 E x 2 E x . We  also  note  that 

e£OS(v)e  eeOSx(v)e 

a'*'  x(V,v)  + 3^  for  e £ OS^v) 

e e x 

-a^  x(V,v)  + 3^  for  e € OS^(v). 

e e x 

Hence  x(V,v)  2 E x = E (a^  x(V,v)  + 31)  + E _(-a^  x(V,v)  + 3^) 

e€0Sx(vf  e€0si(v)e  e e£0S*(v)e 

> [ £ 1 «p  + £ ? (-%)  ] x(V,v)  , 

efOSx(v)  eeOSx(v) 

from  which  the  lemma  is  established.  Q.E.D. 

Suppose  that  we  have  a block  associated  with  a node  v having 

S 1 “e  * Z 2 <-“e>  " 1- 

e£0S  (v)  e£OS  (v) 

Since  0S1(v)  = OS^[v)  U OSg(v),  i = 1,  2,  Lemma  4.12  implies  that  there 

must  be  at  least  one  arc  e € OS  (v) . Take  an  arbitrary  arc  e 6 OS  (v) . 

s s 

Note  that  OS  (v)  = OSg(v)  U OSg(v).  Suppose  that  e £ OSg(v).  Then  s 

S 0 

is  now  in  and  xg  is  the  defining  variable  of  RC  (e).  We  just 

1 1 
switch  s and  x so  that  x will  be  in  J_  and  s will  be  the  defining 
e e e 2 e 

variable  of  RC^(e).  Then  the  type  of  e will  be  changed  from  <1,2, 1> 

{<l,2,=p>}  to  <2,1,1>  {<2,1,  =?>}•  This  switch  of  s^  and  x takes  e out  of 

e e 

OS(v),  and  thus  (4.3-1)  is  satisfied  for  the  new  0S(v),  so  that  the  new 

2 

resulting  block  becomes  nonsingular.  The  case  e £ 0Ss(v)  is  symmetric. 

4.4  Computational  Experience 

This  section  describes  the  computer  implementation  and  test  of  our 
algorithm.  The  algorithm  was  tested  on  a set  of  test  problems,  some  of 
which  were  randomly  generated.  Computation  times  are  compared  with 
those  of  a "classical"  primal  partitioning  simplex  method. 
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4.4.1  Description  of  the  Computer  Codes 

We  implement  our  partitioning  simplex  method  in  case  of  linear 
capacity  functions  (Section  4.2)  and  in  case  of  piecewise  linear 
capacity  functions  (Section  4.3).  We  call  the  former  by  PARTI  and  the 
latter  by  PART2.  We  also  implement  a "classical"  primal  simplex  method 
in  the  above  two  cases  by  modifying  PARTI  and  PART2.  We  call  the  former 
by  CLASSIC1  and  the  latter  by  CLASSIC2.  All  the  codes  were  written  in 
standard  FORTRAN  77  for  an  in-core  implementation  and  were  tested  on  the 
University  of  Florida  IBM  3090-200  system  using  a FORTRAN  VS  compiler 
with  the  optimization  level  0PT(2) . All  the  numerical  computations  were 
done  in  single  precision.  The  tolerences  are  set  0.001.  We  remark  that 
a documented  version  of  these  codes  is  put  on  PC  diskettes  with  the 
departmental  copy  of  this  dissertation. 

First,  we  discuss  implementation  topics  regarding  PARTI.  To  input 
the  data,  we  need  five  arc-length  arrays  for  representing  the  from-node, 
to-node,  cost,  a,  and  g of  each  arc.  We  represent  ST(B)  by  the 
augmented  predecessor  index  method  [37]-  For  this  purpose  we  need  3 
node-length  arrays.  We  represent  ST(B)  by  a forest  instead  of  a tree 
suppressing  all  the  arcs  of  type  9,  so  that  we  do  not  need  to  insert  or 
delete  the  arcs  of  type  9.  (Note  that  in  Sections  4.2  and  4.3,  arcs  of 
type  9 were  introduced  for  explanatory  simplicity.)  To  represent  AG(B) , 
we  need  data  structures  for  TH (B)  and  0S(v)  for  each  v £ V.  We  use  two 
node-length  arrays  to  represent  TH(B)  and  TH  1(B).  We  implement  the 
representation  of  0S(v)  with  a linked  list.  We  need  a node-length  list 
for  storing  the  first  arc  in  0S(v)  for  each  node  v € V and  an  arc-length 
(linked)  list  for  storing  the  next  arc  in  0S(v).  We  need  a node-length 
array  for  imode(v),  v € V.  Also  we  need  an  |F|-length  array  for 
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irarc(e),  e 6 F.  However,  for  simplicity  in  coding,  we  used  an  arc- 

length  array  for  TTarc(e),  e € E by  fixing  irarc(e)  = 0 for  e ( E \ F at 

all  times.  To  facilitate  the  computation  of  dual  variables,  we 

introduce  a node-length  array  irsum(v),  v t V.  (Note  that  irsum(v)  was 

defined  in  Section  4.2.2.)  We  need  an  arc-length  array  for  flow  x(e),  e 

£ E and  an  arc-length  array  for  slack  s(e),  e 6 F.  (Here  again,  we 

could  have  used  an  |F|-length  array  for  slack  s(e),  e € F,  rather  than 

an  arc-length  array.)  To  get  the  updated  column  of  the  entering 

variable,  we  need  an  arc-length  array  for  y (e) , e € E,  and  an  arc- 

length  array  for  y (e)  , e 6 F.  To  facilitate  the  computation  of  the 

updated  column,  we  introduce  two  node-length  arrays  yin(v)  and  yout(v), 

v 6 V,  where  yin(v)  = E y (e) , and  yout(v)  = E y (e) . However, 

e€K“(v)X  e€K+(v)X 

when  we  compute  the  updated  column,  we  can  use  the  array  used  for 

TTsum(v)  , v € V,  since  it  is  "free"  at  this  time.  Hence  we  need  only  one 

node-length  array  for  yin(v)  and  yout(v),  v £ V.  For  applying  the 

algorithm  COVER'  in  APPENDIX  C,  we  need  two  temporary  node-length  arrays 

for  l(v)  and  Q.  Since  the  arrays  for  yin(v)  and  yout(v),  v £ V,  can  be 

used  here,  we  need  no  extra  array.  For  updating  the  thread,  we  need  a 

temporary  node-length  array.  But  since  we  can  use  one  array  needed  for 

yin(v)  or  yout(v),  we  do  not  need  an  extra  array  here.  Let  kl  be  the 

estimated  maximum  size  of  the  working  basis  for  the  overall  iterations. 

Let  k = kl  + 2.  Then  to  store  the  working  basis  inverse,  the  pivot 

column,  and  the  pivot  row,  we  need  a kxk  array  at  most.  Finally  we  need 

an  arc-length  array  for  bookkeeping  the  type  of  each  arc. 

CLASSIC1  is  a modification  of  PARTI  for  implementing  a classical 
primal  partitioning  simplex  method.  Here  the  working  basis  consists  of 
all  the  capacity  constraints.  Thus,  we  need  an  |F|x|F|  array  for  the 


202 


working  basis  inverse.  Since  we  store  all  the  capacity  constraints  in 
I we  do  not  have  arcs  of  types  5.  6,  and  9*  Thus  we  do  not  need 
0S(v),  v € V.  This  saves  a node-length  array  and  an  arc-length  array 
needed  for  0S(v),  v € V.  Since  AG(B)  is  identical  to  ST(B),  the 
procedure  COVER  can  be  streamlined.  However,  for  simplicity  of  coding, 
we  simply  use  the  procedure  COVER  used  in  PARTI  without  change.  (As  we 
shall  see  it  later,  CLASSIC1  takes  up  most  of  the  computation  time  in 
updating  the  working  basis,  so  that  the  portion  of  the  CPU  time  for 
updating  the  thread  is  very  small.)  The  rest  of  CLASSIC1  is  the  same  as 
in  PARTI. 

PART2  is  the  code  for  the  implementation  of  our  partitioning 
simplex  method  in  case  of  piecewise  linear  capacity  function.  (See 

Section  9.3.)  PART2  is  almost  identical  to  PARTI.  It  needs  two  extra 

2 2 1 
arc-length  arrays  for  ae  and  3 , e € F,  (in  addition  to  arrays  for  ae 

1 2 2 
and  3 ) , two  extra  arc-length  arrays  for  marc  (e)  and  y (e)  . Here 

G S 

2 2 2 2 2 
marc  (e)  is  the  dual  variable  for  c (y)  = -ag  y + 3g  and  yg(e)  is  the 

2 

entry  of  updated  column  of  the  entering  variable  corresponding  to  sg. 

The  rest  of  PART2  is  the  same  as  those  of  PARTI. 

CLASSIC2  is  a modification  of  PART2  for  implementing  a classical 

primal  partitioning  simplex  method  in  case  of  piecewise  linear  capacity 

function.  As  in  PART2,  CLASSIC2  requires  four  extra  arc-length 
2 2 2 2 

arrays  for  a , B , marc  (e) , and  y (e)  in  addition  to  those  required  in 
e e s 

CLASSIC1 . 

In  all  four  codes,  the  working  basis  inverses  are  stored  in  non- 
product form.  Reinversion  of  the  working  basis  is  not  employed.  We 
select  as  the  entering  variable  the  variable  having  the  most  positive 
reduced  cost.  We  employ  the  Big  M method  by  assigning  a large  cost 
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coefficient  to  the  artificial  variables. 

4.4.2  Test  Problems 

Several  test  problems  have  been  solved  to  yield  some  preliminary 
computational  experience.  Table  4.13  identifies  some  problems  solved  by 
PARTI  and  CLASSIC1,  and  Table  4.l4  identifies  some  problems  solved  by 
PART2  and  CLASSIC2.  Networks  for  Problems  1 - 5 in  Table  4.13  and 
problems  11  - 15  in  Table  4.14  are  time  expanded  networks  obtained  by 
expanding  the  static  networks  of  some  real  buildings  (Problems  3 “ 5 and 
Problems  13  - 15)  and  some  hypothetical  buildings  (Problems  1,  2,  11, 
and  12).  Networks  for  problems  in  Table  4.13  are  the  same  as  those  in 
Table  4.14,  except  that  there  are  some  differences  in  the  values  of  a 
and  p and  the  number  of  capacity  constraints.  Networks  for  Problems  6 - 
10  in  Table  4.13  and  Problems  16  - 20  in  Table  4.14  are  acyclic  networks 
generated  randomly  . In  Tables  4.13  and  4 . l4 , if  a has  a nondegenerate 
range,  it  means  that  a was  randomly  sampled  from  the  uniform 
distribution  over  that  range. 

Computational  Results 

The  CPU  times  (in  seconds)  are  given  in  Table  4.15  and  Table  4.16. 
The  CPU  times  are  segregated  into  several  categories  and  the  percentage 
of  CPU  time  for  each  category  is  given  for:  a)  getting  dual  variables 
and  the  entering  variable;  b)  getting  updated  column  and  the  leaving 
variable;  c)  updating  the  partition;  d)  updating  the  working  basis 
inverse.  In  most  cases,  CLASSIC1  and  CLASSIC2  terminated  before 
yielding  optimal  solutions  due  to  the  preassigned  CPU  time  limit.  In 
these  cases,  we  estimate  the  total  execution  time  by  extrapolating  the 
consumed  CPU  time  based  on  the  number  of  iterations.  (For  example,  if 


Table  4.13  Test  Problems  for  PARTI  and  CLASSICl 
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no . of 

no.  of 

no.  of  capacity 

a' s 

Problem 

nodes 

arcs 

constraints 

range 

1 

293 

542 

266 

0.01  - 0.40 

2 

465 

1060 

624 

0.2 

3 

575 

1113 

539 

0.01  - 0.40 

4 

1028 

2230 

1244 

0.2 

5 

2134 

4287 

2341 

0.01  - 0.45 

6 

110 

434 

377 

0.10  - 0.40 

7 

250 

496 

484 

0.01  - 0.45 

8 

500 

1994 

972 

0.01  - 0.40 

9 

750 

1494 

733 

0.01  - 0.45 

10 

1000 

1991 

633 

0.01  - 0.35 

Table  4.14 

Test  Problems 

for  PART2  and  < 

2LASSIC2 

no.  of 

no.  of 

no.  of  capacity 

a ' s 

Problem 

nodes 

arcs 

constraints 

range 

11 

293 

542 

532 

0.01  - o.4o 

12 

465 

1060 

1248 

0.2 

13 

575 

1113 

1078 

0.01  - 0.40 

14 

1028 

2230 

2488 

0.2 

15 

2134 

4287 

4682 

0.01  - 0.45 

16 

110 

434 

424 

0.10  - 0.40 

17 

250 

496 

484 

0.01  - 0.45 

18 

500 

1994 

1944 

0.01  - 0.40 

19 

750 

1494 

1466 

0.01  - 0.45 

20 

1000 

1991 

1326 

0.01  - 0.35 
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CLASSIC1  is  terminated  at  the  iteration  i^  after  t^  seconds,  whereas 
PARTI  produced  an  optimal  solution  at  iteration  ig,  then  we  estimate  the 
total  CPU  time  for  CLASSIC1  by  t^*(ig/i^).)  In  cases  of  PARTI  and 
PART2,  the  maximum  sizes  of  the  working  basis  are  reported. 

Note  that  CLASSIC1  and  CLASSIC2  consume  most  of  the  CPU  time  in 
updating  the  working  basis  inverse  and  that  PARTI  and  PART2  perform 
better  than  CLASSIC1  and  CLASSIC2  as  the  problem  size  increases.  This 
is  attributable  to  the  fact  that  the  time  for  updating  the  working  basis 
inverse  is  proportional  to  the  square  of  the  size  of  the  working  basis. 
We  conjecture  that  if  other  efficient  pricing  strategies,  for  example  a 
candidate  queue  list,  were  used,  then  PARTI  and  PART2  would  have 
performed  better  since  the  portions  of  the  CPU  time  for  pricing  are 
larger  in  PARTI  and  PART 2 than  in  CLASSIC1  and  CLASSIC2 . Note  that  all 
the  numerical  computations  were  done  in  single  precision.  If  we  adopt 
double  precision  arithmetic,  then  PARTI  and  PART2  will  perform  much  more 
favorably  for  the  same  reason.  More  often  than  not,  the  size  of  the 
working  basis  becomes  zero  in  our  partitioning  simplex  methods, 
especially  in  PARTI.  This  helps  prevent  round-off  error  from  growing 
and  thus  reduces  the  necessity  of  reinversion  of  the  working  basis. 


Table  4.15  Computational  results  for  problems  in  Table  4.13 
PART1  CLASSICl 
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CHAPTER  5 


DISCUSSION 

In  this  chapter,  we  will  summarize  our  accomplishments  and  propose 
some  future  research. 

5 . 1 Summary 

In  Chapter  1,  we  explained  the  objectives  of  this  study.  The 
primary  objective  is  to  develop  some  network  models  of  building 
evacuation  problems  considering  the  congestion  factor  during  the 
evacuation  process  and  to  provide  algorithms  for  solving  these  models. 

We  examined  the  previous  study  of  network  modeling  of  building 
evacuation  problems  and  identified  some  limitations,  one  of  which  is 
that  passageway  capacities  were  modeled  independently  of  the  degree  of 
the  congestion  occurring  during  the  evacuation  process.  There  is 
substantial  evidence  that  passageways,  when  modeled  as  arcs,  have  flow 
capacities  which  are  functions  of  flows.  We  consider  the  congestion 
factor  directly  in  our  model  by  introducing  flow-dependent  arc  capacity 
functions.  The  model  considered  in  this  study  became  a minimum  cost 
flow  problem  with  side  constraints.  In  this  model,  the  capacity 
constraints  are  treated  as  side  constraints.  Since  the  objective 
function  resembles  the  turnstile  cost,  we  call  this  problem  the  minimum 
turnstile  cost  flow  problem  and  call  an  optimum  flow  to  this  problem  a 
minimum  turnstile  cost  flow. 

In  Chapter  2,  we  developed  models  of  flows  in  passageways  from 
which  some  assumptions  on  the  flow-dependent  arc  capacity  functions  were 
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derived.  The  derived  assumptions  are  1)  the  capacity  functions  are 
nonnegative,  2)  the  capacity  functions  are  continuous,  and  3)  the 
"complement  functions"  of  the  capacity  functions  are  strictly  increasing 
and  unbounded  above.  We  presented  some  examples  of  capacity  functions 
under  this  class.  By  means  of  a limit  analysis,  we  also  showed  how  the 
flow  depends  upon  the  discretization  on  the  time  parameter  and  found 
that  the  shapes  of  the  optimal  flow  patterns  seem  robust. 

In  Chapter  3.  we  studied  optimal  flow  patterns  for  some  specially 
structured  buildings  called  convergent  tree-structured  buildings.  Under 
the  assumption  that  the  capacity  functions  are  nondecreasing,  we 
developed  greedy  algorithms  for  obtaining  minimum  turnstile  cost  flow. 

We  also  proposed  an  efficient  algorithm  for  obtaining  optimal  dual 
multipliers.  The  basic  observation  in  Chapter  3 was  that  if  a flow 
maximizes  the  total  number  of  people  evacuated  from  period  1 through  any 
period  k (we  call  such  a flow  an  Earliest  Arrival  Flow) , then  it  is  a 
minimum  turnstile  cost  flow.  Here  the  assumptions  that  the  capacity 
functions  are  nondecreasing  and  the  building  has  a convergent  tree 
structure  are  crucial.  We  showed  by  counter-examples  that  if  these 
assumptions  are  not  met,  the  proposed  algorithms  may  fail  to  provide  a 
minimum  turnstile  cost  flow. 

In  Chapter  4,  we  treated  the  minimum  turnstile  cost  flow  problem 
in  general  network-structured  buildings.  We  also  assumed  that  the 
capacity  functions  are  linear  or  convex  piecewise  linear,  since 
otherwise  the  problem  sizes  grows  excessively.  In  order  to  solve  this 
minimum  turnstile  cost  flow  problem,  we  developed  a special  primal 
partitioning  simplex  method  by  exploiting  the  special  structure  of  the 
bases.  We  maintain  the  size  of  the  working  basis  dynamically.  From  one 
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iteration  to  the  next  this  size  may  grow  or  shrink.  The  algorithm  tries 
to  keep  the  size  of  the  working  basis  as  small  as  possible  (though  we 
cannot  guarantee  it  is  maintained  at  the  minimum  size  at  each 
iteration) . We  also  presented  some  promising  preliminary  computational 
results . 

5 . 2 Future  Research 

5.2.1  Minimax  Flow  Problem 

The  primary  objective  function  used  in  this  study  was  to  minimize 

the  total  turnstile  cost,  or  equivalently,  to  minimize  the  average 

evacuation  time.  Another  interesting  objective  function  is  to  minimize 

the  time  that  the  last  person  exits  the  building. 

We  call  this  problem  a mimimax  flow  problem  and  call  an  optimum 

solution  to  this  problem  a minimax  flow.  It  is  known  that  if  an 

Earliest  Arrival  Flow  (EAF)  exists,  then  an  EAF  is  also  a minimum 

turnstile  cost  flow  as  well  as  a minimax  flow.  Furthermore,  if  an  EAF 

exists,  any  minimum  turnstile  cost  flow  is  also  an  EAF  as  well  as  a 

minimax  flow.  (See  [12,  36]  for  a proof.)  However,  if  an  EAF  does  not 

exist,  then  we  have  no  guarantee  that  a minimum  turnstile  cost  flow  is  a 

minimax  flow.  One  way  to  obtain  a minimax  flow  is  a threshold  approach 

i 

[17]-  We  maximize  £ z sequentially  over  i = 1,  2,  ...,  until  we  get 

k=l  K 

i* 

£ z equal  to  the  total  number  of  evacuatees  for  some  i* , where  z, 
k=l  k k 

denotes  the  number  of  people  evacuating  the  building  at  period  k.  Then 
we  know  that  i*  is  the  minimum  evacuation  time  and  the  obtained  flow  is 
a minimax  flow.  Note  that  we  can  use  sensitivity  analysis  to  reoptimize 
the  flow  at  each  iteration.  As  a possible  refinement  of  the  threshold 
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approach,  we  can  employ  a binary  search  method.  We  do  not  know  a 
necessary  condition  for  a minimum  turnstile  flow  to  be  a minimax  flow. 

We  will  study  some  sufficient  conditions  other  than  the  existence  of  an 
EAF  and  necessary  conditions. 

5-2.2  Aggregation 

Suppose  that  the  assumptions  made  in  Chapter  3 are  met.  Then  we 
can  get  an  almost  instantaneous  solution  by  using  the  greedy  algorithms 
proposed  in  Chapter  3-  For  a given  arbitrary  network-structured 
building,  we  aggregate  some  nodes  and  arcs  of  the  static  network  into  a 
single  node.  For  example,  we  combine  several  work  places  adjacent  to 
each  other  into  a single  work  place.  Then  we  have  a smaller  number  of 
nodes  and  arcs  in  the  resulting  static  network  and  thus  in  its  dynamic 
network  as  well.  By  aggregation,  we  may  possibly  get  a network  where 
all  the  assumptions  in  Chapter  3 are  met.  Note  that  there  is  a tradeoff 
between  model  accuracy  and  the  tractability  of  solving  the  model.  We 
can  save  some  CPU  time  in  obtaining  the  computer  solutions,  but  lose 
accuracy  in  the  solution.  One  may  address  the  question  of  how  to  set  up 
the  parameters  for  the  capacity  functions  in  the  aggregated  network.  A 
possible  research  area  is  to  study  the  effect  of  network  aggregation  on 
the  accuracy  of  the  solution. 

5.2.3  Further  Study  of  the  Primal  Partitioning  Simplex  Method 

We  address  some  research  topics  related  to  the  proposed  primal 
partitioning  simplex  method  in  Chapter  4. 

Necessary  Condition  for  BUT 

By  Theorem  4.3  in  Chapter  4,  we  know  a sufficient  condition  for 
the  submatrix  T of  a basis  B to  be  rearranged  into  a BUT  matrix.  Note 
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that  this  condition  was  used  as  the  backbone  for  the  proposed  primal 
partitioning  simplex  method.  An  area  for  research  is  to  investigate  a 
broader  class  of  sufficient  conditions  and  a necessary  and  sufficient 
condition. 

Initial  Basic  Feasible  Solution 

In  minimum  cost  flow  problems  having  constant  arc  capacities,  we 
can  get  a (nontrivial)  initial  basic  feasible  solution  easily.  (See  [9, 
40] . ) But  for  a minimum  cost  flow  problem  having  flow-dependent 
capacity  functions  as  in  (GNP)  in  Chapter  4,  we  know  of  no  heuristic  to 
obtain  a nontrivial  initial  basic  feasible  solution.  Consider  (GNP)  in 
Section  4.1.  Since  x(e)  £ 3 /(1-a  ) implies  x(e)  £ a *x(V,fr(e))  + p 

0 G 0 0 

for  every  arc  e € F,  we  replace  the  capacity  constraint  of  each  arc  e £ 

F with  a "tighter"  constraint  Pg/fl-oJ.  Then  the  resultant  problem  is 
a minimum  cost  flow  problem  having  constant  capacities.  We  can  get  an 
initial  basic  feasible  solution  for  this  problem  easily  by  methods  in 
[9]  or  [40],  under  the  restriction  that  any  arc  e £ F cannot  be  set 
nonbasic  with  x(e)  equal  to  its  constant  upper  bound  p^/fl-a^).  Then 
the  obtained  flow  will  be  a basic  feasible  solution  for  (GNP).  The 
above  procedure  is  a "quick  and  dirty"  heuristic.  However,  the  general 
problem  of  obtaining  a nontrivial  initial  basic  feasible  solution  in  the 
case  of  piecewise  linear  capacity  functions  is  still  an  open  question. 

Control  of  the  Size  of  the  Working  Basis 

In  Section  4.2.3.  we  reconfigure  the  partition  of  the  basis,  given 
the  entering  variable  and  the  leaving  variable,  so  that  the  new 
partition  still  satisfies  the  BUT  property.  However,  the  proposed 
reconfiguration  procedure  in  Section  4.2.3  does  not  guarantee  we 
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maintain  the  minimum  size  of  the  working  basis  at  the  next  iteration. 

Hence,  the  size  of  the  working  basis  may  grow  beyond  the  desirable 

bound.  A strategy  to  keep  the  size  of  the  working  basis  within  a 

reasonable  bound  is  to  check  if  multiple  rows  in  can  be  moved  into  I 

and  multiple  columns  in  can  be  moved  in  J . Note  that  the 

reconfiguration  procedure  can  be  easily  adopted  for  this  purpose.  Since 

performing  this  check  at  each  iteration  is  costly,  we  propose  an 

implementation  of  this  procedure  after  a certain  number  of  iterations, 

# # 

say  i iterations.  A good  value  of  i may  be  obtained  experimentally. 
Another  area  of  research  is  to  devise  a selection  rule  of  an  entering 
variable  effective  in  reducing  the  size  of  the  working  basis.  We  first 
get  the  reduced  cost  of  the  variable  which,  if  chosen  as  the  entering 
variable,  can  reduce  the  size  of  | | or  | | - Arcs  of  type  7 or  8 in 
Section  4.2.1  are  examples  of  these  arcs.  We  try  to  select  one  of  these 
arcs  as  the  entering  arc.  Only  if  there  is  no  variable  in  this  class 
for  an  entering  variable  we  compute  the  reduced  cost  of  the  other 
variables . 

Further  Computational  Experimentation 

The  premilinary  computational  results  of  the  proposed  partitioning 
simplex  method  are  very  promising.  To  analyze  the  performance  of  each 
procedure  employed  in  the  proposed  partitioning  simplex  method  and 
pinpoint  the  area  for  more  improvement,  we  suggest  a more  complete 
computational  experimentation. 

5-2.4  Flow-dependent  Traversal  Times 

In  this  study,  traversal  times  are  pre-determined , while  the 
capacities  on  movement  arcs  are  dependent  on  the  flows.  However,  it  is 
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more  probable  that  the  traversal  time  and  the  capacity  are  both  flow- 
dependent  due  to  the  congestion  occurring  throughout  the  evacuation 
process.  It  is  not  easy  to  consider  the  flow-dependent  traversal  times 
directly  in  our  time-expanded  model  (Pc)  introduced  in  Chapter  1,  since 
we  need  know  the  traversal  times  a priori  to  get  a time-expanded 
network.  Remarkably,  the  flow-dependent  traversal  time  is  handled 
"somewhat"  directly  in  the  traffic  assignment  theory.  In  the  traffic 
assignment  theory,  the  flow-dependent  travel  time  is  incorporated  in  the 
objective  function,  while  the  capacity  on  each  arc  is  pre-determined 
independently  of  the  flow  [51].  Most  of  the  literature  on  the  traffic 
assignment  assumes  a steady  state  condition  [51].  which  is  not  adequate 
in  the  context  of  the  building  evacuation.  There  is  beginning  to 
develop  a collection  of  the  dynamic  (time-dependent)  traffic  assignment 
models,  which  can  take  into  consideration  the  time-varying  feature  of 
the  congestion  [5,  48,  49,  62].  Both  approaches  (the  flow-dependent 
capacity  and  the  flow-dependent  traversal  time)  are  complementary  to 
each  other,  since  if  we  fix  the  traversal  time,  then  the  capacity  will 
be  varying  with  the  flow,  and  vice  versa.  So,  we  suggest  to  study  the 
usefulness  in  the  traffic  assignment  literature  for  investigating  the 
effect  of  the  flow-dependent  traversal  time  to  the  optimum  evacuation 
patterns  and  the  relationship  between  the  flow-dependent  traversal  time 
and  the  flow-dependent  capacity. 


APPENDIX  A 


LINEAR  INDEPENDENCE  CONSTRAINT  QUALIFICATION 

In  this  appendix,  we  show  as  stated  in  Section  2.1.3  that  (P^) 

satisfies  the  Linear  Independence  Constraint  Qualification  at  the 

* * 

optimal  solution  (X  ,Y  ) obtained  by  using  the  Optimality  Theorem 

(Theorem  2.3  in  Chapter  2),  only  if  ci'(yi*)  < 1 for  each  i = 1 p. 

We  adopt  the  notation  defined  in  Chapter  2. 

Consider  the  following  mathematical  programming  problem,  denoted 
by  (MP): 

minimize  f(Z) 
subject  to 

h±(Z)  = 0,  for  i = 1,  ....  k, 
g.(Z)  2 0,  for  j = 1 m, 

where  Z is  an  n x 1 vector,  f,  Ik,  and  g are  differentiable  real  valued 

functions,  and  k,  m,  and  n are  given  constants. 

* * 

Let  Z denote  a local  optimum  and  J={j  | g^(Z  ) = 0 } and  V 

denote  the  operator  of  the  gradient  vector.  Then  the  Linear  Independent 
Constraint  Qualification  is  as  follows:  (See  Bazaraa  and  Shetty  [4].) 

1)  g.  for  j £ J is  continuous, 

J 

* * 

2)  V h (Z  ) for  i = 1,  ...,  k and  V g.(Z  ) for  j 6 J are  linearly 

J 

independent , and 

* 

3)  h^  for  i = 1,  . . . , k is  continuously  differentiable  at  Z . 
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In  the  case  of  (PT) , we  define 


hi(Z)  = xi  - y±  + yi+1  for  i = 1, 


n=2p,  k = p , m = 3P . z = (X,Y) , 

k, 

P, 

for  j = p+1,  ....  2p , 
for  j = 2p+l , ....  3p. 

From  the  Optimality  Theorem,  we  know  that  x^*,  y^*  > 0 and  x^*  = c^(y^*) 


®o<z> 


x . - c . (y  . ) for  j = 1 , . 
J j j 


x . 
J-P 


' yj-2P 


for  every  i = 1,  ....  p.  Hence  we  have  J={jig.(Z)=0}={1.2, 

J 

....  p}.  It  is  obvious  that  the  conditions  1)  and  3)  are  satisfied.  We 

now  consider  the  condition  2) . One  can  verify  easily  that 

[ Vh.(Z  ) fori  = 1,  ....  p,  V g.(Z  ) for  j ? J ]t 
i J 


I R 

P 

I S 

P 


where  I is  the  p x p identity  matrix,  R and  S are  p x p matrices  such 
P 

that  R = (r.  .)  with  r . . = -1  if  i = j , 1 if  i + 1 = j,  0 otherwise,  S = 
ij  ij 

(s.  .)  with  s.  . = -c. ' (y.*)  if  i = j , 0 otherwise, 
ij  ij  i i 


I R 

I 0 

I R 

Note  that  det 

P 

= det 

P 

• 

P 

I S 

-I  I 

I S 

P 

P P 

P 

= det 


I R 
P 

0 S-R 


P 

= ir  (1  - c.'(y.*)).  Hence  if  2)  is  satisfied, 

. „ i i 

i=l 


P 

we  get  ir  (1  - c. ' (y.*) ) f 0,  or  c^  (y±*)  / 1 for  every  i = 1 p. 

i=l 


Consequently,  the  monotonicity  assumption  (A3)  and  the  differentiability 
assumption  of  c_^  imply  that  c/ (y_^*)  < 1 for  every  i = 1,  ...,  p. 


Q.E.D. 


APPENDIX  B 


LIMIT  ANALYSIS 


In  this  appendix,  we  will  derive  Equations  (2.2.19),  (2.2.21),  and' 
(2.2.25)  _ (2.2.26)  as  shown  in  Theorems  B.3,  B.4,  and  B.5  below.  We 
adopt  the  notation  introduced  in  Chapter  2. 


Lemma  B . 1 


For  any  scalar  h and  j = 1,  2, 

pl±%  [i  - h «-p)]i(P)  = d/e)h  Aj/Al  • 


Proof:  Using  the  definition  of  a^P^  in  (2.2.14),  we  have 

lim  [1  - h a(P^]^  = lim  [1  - h T/p  A.]^ 

p-->°°  J p-->ooL  ^ 


(p) 


The  right  side  can  be  rewritten  as 


(P) 


lim  [1  - h T A./p]P/^h  T h AJ  1 T//p, 

— >n  i 


P">“  1 

which  by  using  (2.2.16)  can  be  simplified  as 


exp  {-  h A.  /A1  log(0)}  = (l/6)h  Aj/Al  . Q.E.D. 


Lemma  B.2 


q 


(p) 


(B2  - B1)/(A1  + A2) 


Proof:  By  the  definition  of  q^  in  (2.2. 7). 

q(P)  - (3<P)/  «}P))  [1/(1  - «<P))I<P)-  1], 

Hence  taking  the  limit  p — > °°  and  using  Lemma  B.l  yield 

pii^  q(p)  = (W  (e-i). 


which  by  the  definition  of  0 in  (2.2.15)  reduces  to  (B^-B^ ) / (A^+A^) . 
Q.E.D. 
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Theorem  B.3 
f*(t) 


r B exp{-A2(T-t)},  for  0 < t < T - t, 

B1  exp{A  (T-t) } , for  T - t < t < T. 


Proof:  Fix  p to  be  a positive  integer.  Then  by  the  definitions  of  x ^ 

in  (2.2.8),  A.,  and  B.  in  (2.2.14),  we  get 

J J ( ) 

*/D\  (”A2  q(P)  + Bp)  / (1  + A T/p)P_1  P +1_1  for  id., 

x,lPj  /(T/p)  ^ 2 ...  2 1 

B1  / (1  - AxT/p)P  1 for  i e I2. 


Hence  forO^t^T-t, 


,(P) 


f*{t)  = lim>ji-A2  qvw  + B2)  / (1  + A2T/p) 


p-i(p)+l-i 


Ap) 


with  i = [tp/T] 


+ A2T/p)Cp(1"t/T)].(l  + A2T/p)iV^'(-A2  q(p)  + B ) 


= + a2t/p) 


[p ( 1-t/T) ] 
(p) 


+ a2t/p)x 


,(p) 


'pii?«(-A2  q + B2 


which  due  to  Lemma  B.l  and  Lemma  B.2  can  be  simplified  to 


f*(t)  = exp{-A2(T-t)}  • 0A2/A1  . [_a2  { (B^Bj. ) / (A^) -1 } +B2] 

(B1  9)  = r Bx  exp{-A2(T-t)}. 


= exp{-A0(T-t) } • eA2/Al 

,P-i+l 


Likewise  for  T - t S t S T, 


f*(t)  = lim  B / (1  - A.T/py  with  i = f tp/T  1 

■ h y^a  - qT/P)— 


= B1  exp{A1(T-t)} 


Q.E.D. 


Theorem  B.4 


* (n) 

= B2/A2  ~ Y (Bi/A2)  exP(-A2T)  • 


Proof:  Due  to  (2.2.9)  and  the  definitions  of  A.  and  B.,  i = 1,  2, 

J J 


yi 


(p) 


(B2/A2  - q(p))[l  - 1/(1  + c*2P)  ) p“i(P)]  + q(P) 
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Using  Lemma  B.l,  we  get 

+ «2P))  P_1  = exp(A2T)  9A1/A2. 

Then  using  Lemma  B.2  additionally,  we  get 

pii51ooy1(p)  = [B2/A2  - (B2-B1)/(A1+A2)][1  - exp(-A2T)  0A2/A1] 

+ (b2-b1)/(a1+a2), 

which  is  simplied  as  required  in  the  Theorem.  Q.E.D. 

Theorem  B.5 

g*(t)  = r exp(-A2T)  exp{-A1(T-t)},  for  T - t < t < T, 

and 

g2(t)  = exp(-A2T),  for  0 £ t £ T - t. 

Proof:  By  the  definitions  of  g*(t)  and  w*  for  0 £ t £ T - t, 

* * (d ) 

S2(t)  "pii^co  wi,2  With  1 = r Pfc/T  !• 

“pil?.  Vd  + <4P))Pt/T  = exp(-A2T). 

Similarly  for  T - t < t S T, 

* * (o) 

h{t)  =pn%  with  i = r pt/T  ] 

D_i(p)  (p)  _ 

=pii^oo  !/[(!  + «2)P  * (1  - ) 1+1  ' p] 

= [exp(-A2T)  qA2/a1] . [exp{-A1 (T-t) } 0] 

= r exp(-A2T)  exp  {-A  (T-t)}. 


Q.E.D. 


APPENDIX  C 


ALGORITHM  COVER 

In  this  appendix,  we  address  the  following  question:  "Given  a 
directed  graph  obtained  by  adding  (orienting)  an  arc  and  redirecting  a 
path  in  an  acyclic  graph,  how  can  we  test  if  it  is  still  acyclic  or 
not?"  We  will  develop  an  efficient  algorithm  for  solving  this  question, 
and  also  present  an  algorithm  for  updating  the  thread  for  the  resulting 
graph  if  the  resulting  graph  is  found  acyclic.  Note  that  these 
algorithms  are  used  in  updating  the  partition  of  a basis  in 
Section  4.2.3. 

For  simplicity  of  exposition,  we  restate  the  notation  introduced 
in  Section  4.2.3. 

AG'*'  = (V,E^):  an  acyclic  directed  graph, 
e = (v  ,v  ) : an  arc  with  v , v t V, 
v*:  a vertex  in  V. 

Suppose  that  in  AG'*'  there  exists  for  some  integer  n 

i)  a directed  path  from  v*  to  v*1 * 3 * * *,  (v*  = vn,  v11  ^ , ...,  v^,  v"*"  = v°)  or 

ii)  a directed  path  from  v*  to  va,  (v*  = v11,  vn  \ ...,  v^,  v"*"  = va)  , 

where  v^  ^ va,v  , and  (v^.v^  "*■)  € E^ , i = 2 n. 

0 o U 

Let  v be  v {v  } in  case  i {case  ii}.  Also  let  P(v*;e*)  denote  such  a 

1 2 1 

directed  path  from  v*  to  v . We  construct  a directed  graph  G from  AG 

in  the  following  way: 

1)  We  add  the  arc  (v^.v*-)  to  AG'*'.  (If  there  is  the  arc  (v\v^)  in  AG'*', 

then  we  override  (v\v^)  by  reversing  its  direction.)  And 

2)  reverse  the  direction  of  the  path  P(v*;e*)). 
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2 2 2 
Let  G denote  the  resulting  graph.  Namely,  G = (V,E  ),  where 

„2  1 . r , n n-1,  , n-1  n-2,  ,1  0,  •, 

E = E \ { (v  ,v  ) , (v  * v ) ( v , v ) } 

iTf  / 0 1,  / I 2.  , n-1  n,  , 

U { (v  ,v  ) , (v  ,v  ) (v  ,v  ) } . 

2 

We  will  develop  an  efficient  algorithm  for  checking  if  G is 

acyclic.  Note  that  this  algorithm  is  used  in  the  procedure  PARTITI0N1 

and  the  procedure  PARTITI0N2  to  update  the  partition  in  Section. 4 . 2 . 3 • 

We  say  that  the  arc  e*  covers  the  node  v*  (or  v*  is  covered  by  e*) 
1 2 

via  P(v*;e*)  in  AG  if  G is  acyclic.  We  just  say  that  the  arc  e* 
covers  the  node  v*  if  P(v*;e*)  is  clear  in  the  context  or  if  P(v*;e*)  is 
degenerate;  i.e.,  v11  = v^. 


We  say  a node  w € V is  reachable  from  a node  v £ V if  there  is  a 

2 1 

directed  path  from  v to  w.  We  define  AGJ  = (V,EJ),  where  EJ  = E \ 
{(vn,vn  ■*■),  (Vn  1,vn  2),  ...,  (v\v^)}.  Evidently  AG^  is  acyclic. 


Example  C . 1 

Figure  C.l.a  illustrates  an  acyclic  graph  AG^  = (V,E^).  Suppose 

we  test  if  e*  = (vg»v-^Q)  can  cover  v*  = v^  via  the  path  P(v*;e*)  = 

2 

(Vf.v^.Vg) ; i.e.,  we  test  if  G is  acyclic.  Note  that  n = 3 and 

3 2 1 3 

(v  ,v  ,v  ) = (v^,v^,Vg).  Figures  A.l.b  and  A.l.c  illustrate  G*  and  AG 

2 

respectively.  Since  G is  acyclic,  e*  covers  v*.  | 

Theorem  C . 1 

Define  AG^,  G^,  AG^,  e*.  v*.  v® , v^ v11,  and  P(v*;e*)  as 

above.  Let  v^  and  vJ"  be  two  nodes  in  { v^,  v^,  ....  v11}  with  j < i. 

1)  If  v^  is  reachable  from  v^  in  AG^ , then  e*  does  not  cover  v*  via 
P(v*;e*) . 

2)  If  v^  is  not  reachable  from  v ^ for  any  j < i in  AG^,  then  e*  covers 
v*  via  P(v*;e*) . 
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Figure  C.l  Illustration  of  AG^,  G^,  and  AG3 
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Proof:  Suppose  that  for  some  j < i,  v1  is  reachable  from  v1  in  AG^. 

Since  C E2,  v1  is  reachable  from  v1  in  G2  as  well.  Then  since  v1  is 
i 2 k k+1 

reachable  from  vd  in  G using  (v  ,v  ),  k = j,  j + 1,  i-1,  we  get  a 

2 2 
directed  cycle  in  G . This  contradicts  the  hypothesis  that  G is 

acyclic.  Hence  1)  is  proved.  Now,  we  suppose  that  vJ  is  not  reachable 

from  v1  for  any  j < i in  AG^ . By  contradiction,  we  assume  that  e*  does 

2 

not  cover  v*  via  P(v*;e*);  that  is,  G has  a directed  cycle,  say  C. 

p i • p2  „3  M f / 0 1 , , 1 2,  , n-1  n.  , 

Since  AG  is  acyclic,  E = E U { (v  ,v  ) , (v,v  ),...,  (v  ,v)}, 

and  E^  fl  { (v^.v1),  (v\v^) (v11  1,v11)  } = 0,  the  directed  cycle  C 

k-1  k 

must  include  at  least  one  arc  (v  ,v  ) for  some  k = 1,  2,  ...,  n.  Then 

for  some  i,  j = 1,  2,  ....  n with  j < i,  there  exists  a directed  subpath 

of  C,  say  (v1 .w1 , w2,  . . . , wP, vJ" ) , where  p is  some  integer  and  wm  £ V,  m = 

1,  2 p.  Without  loss  of  generality,  we  can  assume  that  (vi,w'*‘), 

(w  ,w  ) for  m = 2,  3 P.  and  (w  ,vd)  are  not  in  { (v  ,v  ) , 

(v^v2)  , ...,  (vn  \vn)  }.  Then  we  have  a directed  path  from  v1  to  vJ 

3 

in  AG  , which  contradicts  the  hypothesis.  Q.E.D. 

Corollary  C.2 

We  define  for  i = 1,  2,  ...,n, 

Q.  = {v  € V I v is  reachable  from  v1  without 

l 

/ i i-lv  . ._1  i 

using  (v  ,v  ) in  AG  }. 

1)  If  vJ  is  in  Ch  for  some  1 ^ j < i ^ n,  then  e*  does  not  cover  v*  via 
P(v*;e*)  in  AG1. 

2)  If  for  every  i = 1,  2 n,  no  vJ , j < i,  is  in  Q.,  then  e*  covers 

v*  via  P(v* ;e*)  in  AG1. 

3 3 

Proof:  From  the  definition  of  AG  , we  know  that  E = 

E1  \ { (vn,vn  1),(vn  1,v11  2)  , ....  (v^v0) } , from  which  with  Theorem  C.l 
the  proof  clearly  follows.  Q.E.D. 
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Since  AG"*"  is  acyclic  and  (v^,vJ  1,  v1)  is  a directed  path  in 

AG1,  any  vJ" , j 2 i,  cannot  be  in  Q . Hence  we  can  replace  j < i with  j 
= 0,  1,  ....  n in  Corollary  C.2.  From  Corollary  C.2  we  get  the 
following  algorithm  for  determining  if  e*  covers  v*  via  P(v*;e*)  in  AG  . 
Let  l(v)  denote  the  label  for  node  v 6 V to  be  used  in  the  algorithm 
such  that.l(v)  = +1  for  v € CL  for  some  i = 1,  2,  . . . , n. 

Algorithm  COVER 
INPUT 

AG1,  e*,  v*,  v^,  v1 vn,  and  P(v*;e*)  as  defined  above. 

OUTPUT 

success  = "yes"  if  e*  covers  v*  via  P(v*;e*),  and  "no"  otherwise. 
BEGIN 

Step  1)  Set  l(v)  = 0 for  v j-  v^,  v1 , . . . , v11, 
l(v)  = -1  for  v = v*1,  v1,...,  vn, 

Q = 0; 

Step  2)  FOR  i = n D0WNT0  1 DO 

Set  currentnode  = v1; 

***  por  each  node  v such  that  the  arc  ( currentnode, v)  is  in  E1 

but  not  same  as  (v^.v1  1)  DO 

IF  1 ( v ) =0  THEN 
Set  l(v)  = +1, 

Q = Q U {v} ; 

ELSE  IF  l(v)  = -1  (i.e.,  v is  one  of  v*1 vn)  THEN 

Set  success  = "no"; 

RETURN 
END  IF 


ENDFOR 
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IF  Q f 0 THEN 

Select  currentnode  from  Q; 

Set  Q = Q \ {currentnode}; 

GO  TO  ***; 

END  IF 
ENDFOR 

Step  3)  Set  success  = "yes"; 

RETURN; 

END. 


Suppose  that  e*  covers  the  node  v*  via  the  path  P(v*;e*)  = (v  , 

vn  1,  v , v^);  i.e.,  is  acyclic.  Now  that  G^  is  acyclic,  we 

2 2 

denote  AG  = G for  notational  consistency.  We  now  discuss  how  to 

2 2 1 

obtain  a valid  thread  TH  for  AG  efficiently.  Let  TH  be  a thread  for 
AG'*' . We  define 

th1(v):  the  position  of  v in  TH1 , i = 1,  2. 

For  example',  th1(v)  = 1 for  the  first  node  v in  the  list  TH1 . We  define 


the  following  notation: 

SQ  = { v ,v  ,v  ,...,v  }, 

S1  = { v1 , v2 , . . . , v°  } = SQ  \ { v°  }, 

S = { v £ V | min  { th^w)  } ^ th'*'(v)  ^ max  { th'*‘(w)  } }, 


w€S, 


weso 

S = { v € V | th^v)  < min  { th^(w)  } }, 

w^Sq 

S+  = { v £ V | th^(v)  > max  { th^(w)  } }, 

wes0 

= { v 6 S \ Sq  I v is  reachable  from  a node  in  S^  in  AGJ  }, 

r2  = { v 6 S \ (Sq  U ri)  I v is  reachable  from  v^  in  AG^  }, 

r3  = s \ (sQ  u r1  u r2). 
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Note  that  S is  the  minimal  subset  of  TH**"  which  includes  v^,  v**" , vn, 

S_  is  the  set  of  nodes  preceding  S in  TH**" , and  S+  is  the  set  of  nodes 
succeeding  S in  TH**" . Evidently,  Sq,  r^,  and  are  disjoint  and 

s = sQ  u rx  u r2  u r . 

For  any  subset  W of  V,  we  define  L^(W)  as  follows: 

L^(W):  the  list  of  nodes  in  W where  if  v € W precedes  z € W 
in  TH'*' , then  v precedes  z . 

We  denote  the  "concatenation"  operator  by  &.  Given  two  lists  P and  Q, 

P & Q represents  the  list  obtained  by  appending  Q after  P.  Then  we  can 

2 

get  a valid  thread  for  AG  by  the  following  theorem. 


Theorem  C . 3 

Let  TH2  = L1(S_)  & L1^  ) & (v°)  & L1^)  & (v1,  v2,  ....  Vn)  & 

L1(ri)  & L^(S+).  Then  TH2  is  a valid  thread  for  AG2. 

Proof:  We  do  some  preliminary  analysis  to  show  Theorem  C.3- 

2 

For  any  subset  W of  V,  we  define  CL  (W)  as  follows: 

2 2 2 

CL  (W)  = {L  (W)  | L (W)  is  a list  of  nodes  in  W where  v £ W 

2 

precedes  z 6 W if  z is  reachable  from  v in  AG  }. 

Lemma  C.4 

We  choose  L2(S)  6 CL2(S)  arbitrarily.  Let  TH2  = L^(S  ) & L2(S)  & 
L^(S+).  Then  TH2  is  a valid  thread  for  AG2. 

2 

Proof : We  show  that  if  a node  v £ V precedes  a node  z £ V in  TH  , then 

2 

v is  not  reachable  from  z in  AG  . 

Case  1)  v £ S and  z £ S U S : 

+ 

Any  node  in  S is  not  reachable  from  any  node  in  S U S+  in  AG'*', 
since  AG'*'  is  acyclic.  Hence  v is  not  reachable  from  z in  AG'*' . Since 
AG  is  obtained  by  inserting  and/or  deleting  some  arcs  (v1,vJ)  for  v1, 
vJ  £ SQCS,  v is  not  reachable  from  z in  AG2  as  well. 
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Case  2)  v £ S and  z £ S : 

' + 

The  proof  is  exactly  the  same  as  Case  1. 

Case  3)  v f S and  z £ S_: 

2 

The  assumption  that  v precedes  z in  TH  implies  that  v precedes  z 
1 1 

in  L (S  ).  Hence  v precedes  z in  TH  . Thus  v is  not  reachable  from  z 

1 2 
in  AG  . By  contradiction,  we  suppose  v is  reachable  from  z in  AG  . Let 

2 2 

P denote  a path  from  z to  v in  AG  . Since  AG  is  obtained  by  inserting 

and/or  deleting  some  arcs  (v1^)  for  v1,  £ S^  C S,  the  path  P must 

traverse  a node,  say  w,  in  S.  This  contradicts  the  results  of  Case  1 

2 

above.  Therefore,  v is  not  reachable  from  z in  AG  . 

Case  4)  v £ S and  z £ S: 

2 2 
By  the  definition  of  L (S) , v is  not  reachable  from  z in  AG  . 

Case  5)  v £ S and  z £ S : 

+ + 

The  proof  in  this  case  is  similar  to  that  of  Case  3-  Since  v 
1 1 

precedes  z in  TH  as  well,  v is  not  reachable  in  AG  . If  v is  reachable 
2 

from  z in  AG  by  some  path  P,  then  P should  traverse  a node  w in  S, 

which  is  impossible  by  the  result  in  Case  2.  Therefore,  v is  not 

2 

reachable  from  z in  AG  . Q.E.D. 

For  subsets  W,  Z such  that  W C Z C S,  we  define 

2 

R(W|Z)  = { v £ Z\W  | v is  reachable  from  a node  in  W in  AG  }, 

R’ ( W ! Z)  = Z \ [W  U R(W | Z) ] . 

Then  we  have  the  following  property. 

Lemma  C . 5 

2 2 

For  any  W C Z C V,  we  choose  arbitrarily  L (R'(W|Z)),  L (W) , and 
L2(R(W|Z))  from  CL2(R' (W|Z) ) , CL2(W),  and  CL2 (R( W | Z) ) , respectively. 

Then  L2(R’(W]Z))  & L2(W)  & L2(R(W|Z))  is  in  CL2(Z) . 


Proof:  Evident. 
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Lemma  C.6 

R(s1is)  = rr  R'(s1iS)  = {vQ}  u r2  u r3>  r({v0}!{vq}  u r2  u r ) = 
r2,  and  R* ( {vQ} 1 {vQ}  u r2  u r ) = r . 

Proof:  It  can  be  seen  easily  from  the  definitions  of  T , k = 1 , 2,  3 . 
Q.E.D. 

Lemma  C.7 

We  choose  arbitrarily  L2 3(r^),  L2(r2),  and  L2(S1)  from  CL2(r^), 

2 2 

CL  (T2) , and  CL  (S^),  respectively.  Then 

L2(r  ) & (vQ)  & L2(r2)  & L2(S1)  & L1(ri)  is  in  cl2(s) . 

Proof:  Since  R(S^|S)  = and  R'(S^|S)  = {v^}  U T2  U we  know  from 
Lemma  C.5  that  L2({vQ}  U T2  U r^)  & L2(S1)  & L2(ri)  is  in  CL2(S).  Since 
R({vq}|{Vq}  U P2  U r3)  = r2  and  R'({vq}|{Vq}  U U = r^,  we  know 
from  C . 2 that  L2^)  & (vQ)  & L2(T2)  is  in  CL2({vQ}  U ^ U r ) . Hence 
[L2(r3)  & (vQ)  & L2(P2)]  & L2(S1)  & L1(ri)  is  in  CL2(S) . Q.E.D. 

Lemma  C . 8 

For  k = 1,  2,  and  3,  L1^)  is  in  CL2(Tk)  and  (v^  v2 v ) is 

in  CL2(S1). 

2 

Proof:  Clearly,  CL  (S^)  consists  only  of  (v^,  ....  v ). 

1 2 

We  now  show  that  L (Tk)  is  in  CL  (T  ),  k = 1,  2,  3.  Any  node  v £ 

SQ  is  not  reachable  from  any  node  z £ r in  AG1.  (Suppose  that  v1  for 

some  i = 0,  1,  ....  n,  is  reachable  from  some  node  z £ in  AG1.  By 

the  definition  of  z is  reachable  from  vJ  for  some  j = 1,  2,  ....  n, 

3 . 1 

in  AG  and  thus  in  AG  as  well.  If  j k i,  then  we  get  a directed  cycle 
in  AG  , (v  , v"  , ...,  vJ' , ....  z,  ...,  v1).  If  j < i,  then  we  get  a 
directed  cycle  in  AG1,  (v1,  v1-1 vJ' z,  ....  v1)  . In  either 
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12  2 

case,  the  acyclic  property  of  AG  or  AG  is  violated.)  Since  AG  is 

obtained  from  AG'*'  by  inserting  and/or  deleting  some  arcs  (v^,v.)  for  v., 

2 

v.  e Sq,  the  reachability  for  two  nodes  in  in  AG  is  the  same  as  in 
AG1.  Hence  L1^)  is  in  CL2^). 

The  node  v*1  is  not  reachable  from  any  node  z ( in  AG1,  for  then 
by  the  definition  of  z is  reachable  from  v ® in  AG1  contradicting  the 
acyclic  assumption  for  AG1.  Furthermore,  if  a node  in  is  reachable 

from  r2  in  AG1,  then  any  node  in  is  not  reachable  from  any  node  in  S1 

1 12 
in  AG  , since  otherwise  the  acyclic  assumption  for  AG  or  AG  is 

violated.  Hence  the  reachability  for  two  nodes  in  in  AG1  is 

independent  of  insertion  and  deletion  of  some  arcs  (vX,v^)  for  v1,  v"1  6 

2 

Sq  and  thus  the  reachability  for  two  nodes  in  f in  AG  is  the  same  as 

in  AG1.  So,  L1(T2)  is  in  CL2(r2). 

Similarly,  since  any  node  in  is  not  reachable  from  any  node  in 
3 1 

SQ  in  AG  and  thus  in  AG  as  well,  the  reachability  for  two  nodes  in  r 

2 112 
in  AG  is  the  same  as  in  AG  . Hence  L (f^)  is  in  CL  (f  ) . Q.E.D. 


Proof  of  Theorem  C.3:  From  Lemmas  C.4,  C.7,  and  C.8,  the  proof  follows 

immediately.  Q.E.D. 


As  a by-product  of  the  application  of  the  algorithm  COVER,  we  have 
some  information  necessary  for  updating  the  thread.  Note  that  we  are 
assuming  that  e*  covers  v*  via  P(v*;e*)  in  AG1.  Refer  to  the  algorithm 
COVER.  After  applying  the  algorithm  COVER,  we  can  set  r = {v  f S \ 
l(v)  = +1}.  To  get  r2,  we  need  to  do  some  more  work  at  Step  3 of  the 
algorithm  COVER.  Note  that  each  node  v ( S^  U has  l(v)  = +1  or  -1. 
Hence  we  get  f by  the  modified  form  of  Step  3 of  the  algorithm  COVER  as 


follows : 


Step  3)  Set  success  = "yes 
Set  Q = 0, 
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currentnode  = v^; 

####  FOR  each  node  v such  that  the  arc  (currentnode.v)  is  in  E1  DO 
IF  1 ( v ) =0  THEN 
Set  l(v)  = +2, 

Q = Q U {v}; 

END  IF 

IF  Q / 0 THEN 

Select  currentnode  from  Q; 

Set  Q = Q \ {currentnode}; 

GOTO  ####; 

ENDIF 

ENDFOR. 

Then  we  can  set 

r2  = { v £ S i l(v)  = +2  },  and 

r3  = { v € S | l(v)  = 0 }. 

If  we  apply  the  algorithm  COVER  with  the  modified  Step  3 above,  then  we 
get  sufficient  information  to  update  the  thread.  Let  and  z2  be  two 
nodes  such  that  th1(z1)  = min  { th1(w)  } and  th1(z  ) = max  { thX(w)  }. 

wSSo  ”tso 

2 

By  Theorem  C.3,  to  get  TH  at  a minimum  effort,  we  just  need  to 
rearrange  the  nodes  between  and  z2  in  TH1.  Initially,  we  set 
L (T,  ) = 0,  k = 1,  2,  3*  As  we  traverse  nodes  in  TH1  from  z.  to  z„,  we 

K 12 

"patch  up"  nodes  in  rk>  k = 1,  2,  3,  to  get  L1^),  k = 1,  2,  3. 

Namely,  if  the  current  node  v is  in  F then  we  update  L1(F  ) = 

K K 

L & (v) . For  nodes  not  in  S,  we  do  not  need  any  change  from  TH1 . 


Example  C.l  (Continued) 
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We  apply  the  algorithm  COVER  to  AG1  in  Figure  C.l.  First,  at  Step 

1 we  initialize  l(v)  = 0 for  v = v^,  v^ , and  Vg,  l(v)  = -1  for  v f 

v1 , v^,  and  Vg,  and  Q = 0.  At  Step  2,  we  start  from  vn  = . Set 

currentnode  = . Since  (v^.v^)  is  in  E^  and  not  same  as  (v^.v^)  and 

l(v2)  = 0,  we  set  1^2)  = +1  and  Q = Q U {V2}.  There  is  no  other  arc 

(v^,v)  f (v1,vz+)  , and  thus  we  set  currentnode  = v ^ and  Q = QX-j^}  = 0. 

Since  (v2*vg)  is  in  E"*-  and  not  same  as  (v^.v^)  and  l(vg)  = 0,  we  set 

l(vg)  = +1  and  Q = {vg}.  There  is  no  other  arc  {v^,v)  f (v^v^),  and 

thus  we  set  currentnode  = vc  and  Q = 0.  Since  there  is  no  arc  from  vr 

0 6 

in  E1  and  Q = 0,  we  move  on  to  v"  1 * = . The  values  of  l(v)'s  at  this 

time  are  illustrated  in  Figure  C.2.a.  Likewise,  we  apply  the  same 

labeling  procedure.  After  finishing  Step  2,  we  have  l(v)'s  as  in  Figure 

C.2.b.  We  conclude  that  e*  covers  v*.  Applying  the  modified  version  of 

Step  3.  we  update  l(v^  ) = +2,  as  illustrated  in  Figure  C.2.c. 

2 2 2 

Now  we  get  the  thread  TH  for  AG  ( = G ) . Suppose  that  we  are 

1 1 

given  a thread  for  AG  , TH  = ( v^  , v1Q , vn  , v^ , , v^ , v^ , v£ , vg , v^ , Vg)  . 

Then  we  have  SQ  = {v10-v8’v4 ’vi^ ’ Si  = {v8’v4’vl^’ 

S = {v10.v11.v5,v1.v3.v4.v2.vg},  S_  = {v^},  and  S+  = {vg.v^}.  Also  we 

get  r1  = {V  e s | l(v)  = +1}  = {v2},  r2=  {V  e s | i(v)  = +2}  = {vn}, 

and  F^  = {v  € S j l(v)  = 0}  = {vg,v<_}.  Then  L1(S_)  = (v^),  L1^)  = 

(v5,v3),  L1(r2)  = (v11),  L1(ri)  = (v2),  and  L1(S+)  = (v  ,Vg) . By 

2 

Theorem  C. 3,  we  get  TH  = (v^ j v^.v^ | v1Q | v±1 j Vg, v^ ,v1 j v2 ! ,Vg) . | 
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(a)  l(v)  in  Step  2 


(b)  l(v)  after  Step  2 


-1 


°0V  °0V 

K 0 ^ +1 

Q* — -j© *0 

Vi  / - / \ 2 


Q- — *Q> 


+i 


© — #© 


-1/ 

{10 


(c)  l(v)  after  Step  3 


Figure  C.2  Illustration  of  the  algorithm  COVER 
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